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Abstract. Let /ibea Borel measure on R which may be non doubling. 
The only condition that /i must satisfy is fj,(B(x,r)) < Cr n for all x G 
R d , r > and for some fixed n with < n < d. In this paper we 
introduce a maximal operator N, which coincides with the maximal 
Hardy-Littlewood operator if fi(B(x,r)) « r n for x £ supp(/i), and we 
show that all n- dimensional Calderon-Zygmund operators are bounded 
on L p (wdfi) if and only if N is bounded on L p (wd[i), for a fixed p £ 
(1, oo). Also, we prove that this happens if and only if some conditions 
of Sawyer type hold. We obtain analogous results about the weak (p,p) 
estimates. This type of weights do not satisfy a reverse Holder inequality, 
in general, but some kind of self improving property still holds. 



1. Introduction 
Let n be some Borel measure on M rf satisfying 

(1.1) p{B(x, r)) < C r n for all x G M. d , r > 0, 

where n is some fixed constant (which may be non integer) with < n < d. 
In this paper we obtain a characterization of all the weights w such that, for 
every n-dimensional Calderon-Zygmund operator (CZO) T which is bounded 
on L 2 (/j,), the following weighted inequality holds: 

(1.2) J \Tf\ p wdfi<C J \f\ p wdfi for all / G D>(w), 

where C is independent of /, 1 < p < oo, and L p (w) := L p (wdfi). It is 
shown that these weights w are those such that a suitable maximal operator 
./V (defined below) is bounded on L p (w). We also prove an analogous result 
for the weak (p,p) estimates. 

Moreover, we show that the L p weights for CZO's (and for N) satisfy a self 
improving property. Loosely speaking, weak weighted inequalities for w and 
for the dual weight w~ l ^ p ~ 1 ^ imply strong weighted inequalities for w and 
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its dual weight. Let us remark that we do not assume that the underlying 
measure \i is doubling. Recall that fi is said to be doubling if there exists 
some constant C such that 

fi(B(x, 2r)) < C fj>(B(x, r)) for all x £ supp(u), r > 0. 

In the particular case where [x coincides with the Lebesgue measure on 



R , it is known that the weighted inequality (1.2) holds for all d-dimensional 
CZO's if and only if w is an A p weight. This result was obtained by Coifman 
and Fefferman [CF], and it generalizes a previous result by Hunt, Mucken- 



houpt and Wheeden [HMW] about the Hilbert transform. Let us recall that 
Muckenhoupt proved [ Mu ] that the A p weights are precisely those weights w 
for which the Hardy-Littlewood operator is bounded on L p (w) (always as- 
suming u to be the Lebesgue measure on R d ). So the L p weights for CZO's 
and the L p weights for the maximal Hardy-Littlewood operator coincide in 
this case. 

Suppose now that the measure \x satisfies 



(1.3) 



n(B(x,r)) m r n for all x G supp(/i), r > 0, 



where A ~ B means that there is some constant C > such that C~ 1 A < 
B < CA, with C depending only on n and d (and also on Co sometimes), 
in general. In this case the results (and their proofs) are analogous to the 
ones for the Lebesgue measure. Namely, ( |1.2| ) holds for all n-dimensional 
CZO's if and only if w € A p , which is equivalent to say that the maximal 
Hardy-Littlewood operator is bounded on L p (w). 

Many other results about weights for CZO's can be found in the literature. 
In most of them it is assumed that \i is either the Lebesgue measure on R d 



or the underlying measure of a space of homogeneous type, satisfying (1.3). 
See for example | Pe | and the recent result in fTV|| . 

It is much more difficult to find results where ( |l.3|) does not hold. Saks- 
man [3ak| has obtained some results concerning the weights for the Hilbert 
transform H on arbitrary bounded subsets of R (with fi being the Lebesgue 
measure restricted to these subsets). These results relate the boundedness 
of H on L p {w) with some operator properties of H, and quite often his argu- 



ments are of complex analytic nature. Orobitg and Perez [OPJ have studied 
the A p classes of weights with respect to arbitrary measures on R rf , which 
may be non doubling. In particular, they have shown that if w is an A p 
weight, then the centered maximal Hardy-Littlewood operator is bounded 
on L p (w), and that if moreover fi satisfies (LI), then all n-dimensional 
CZO's are also bounded on L p (w). 

Our approach uses real variable techniques and it is based on the ideas and 
methods developed in | To2 |, | To3f| and | To4 | to extend Calderon-Zygmund 
theory to the the setting of non doubling measures. Indeed, recently it has 
been shown that the doubling assumption is not essential for many results of 
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for instance, in addition to the references cited above. 
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In order to state our results more precisely, we need to introduce some 
definitions. A kernel &(•, •) : M. d x M. d — > R is called a (n-dimensional) 
C alder on- Zygmund (CZ) kernel if 
C 

(1) \k(x,y)\ < — r- ifx^y, 

|cc — y| n 

(2) there exists some fixed constant < 7 < 1 such that 

\k(x,y) - k{x',y)\ + \k(y,x) - k(y,x')\ < C 2 



x — x'V 1 



\x - y| n +7 
if \x — x'\ < \x — j/l/2. 

Throughout all the paper we will assume that fj, is a Radon measure on M. d 
satisfying ([L~l|). We say that T is a (n-dimensional) CZO associated to the 
kernel k(x,y) if for any compactly supported function / € L 2 (/j,) 

(1.4) Tf(x) = Jk(x,y)f(y)dfi(y) if 2 £ supp(/i). 

and T is bounded on L 2 (n) (see the paragraph below regarding this ques- 
tion). If we want to make explicit the constant 7 which appears in the 
second property of the CZ kernel, we will write T € CZO(j). 

The integral in ( |1.4j ) may be non convergent for x € supp(/x), even for 
"very nice" functions, such as C°° functions with compact support. For this 
reason it is convenient to introduce the truncated operators T e , e > 0: 



T e f(x)= k(x,y) f(y)dfi(y). 

J \x—y\>e 

Now we say that T is bounded on L 2 (fi) if the operators T £ are bounded on 
L 2 (fi) uniformly on e > 0. 

For < r < R and a fixed x € supp(^), we consider the function 

{l/r n if < \x — y\ < r, 
l/\x - y\ n if r < \x-y\ < R, 
if \x - y\ > R. 

Then, the maximal operator iV is defined as 

(1.5) Nf(x)= sup — — J, — 3_ / \<p Xjr)R f\dn, 

0<r<R 1 + Wx^RWL 1 ^) J 

for / € Ll oc (fi) and x G supp(/u). 

Throughout all the paper w stands for a positive weight in Lj oc (fi). Some- 
times the measure wdfi is denoted simply by w. The notation for the dual 
weight is a := w~ l ^ p ~ l \ 

The first result that we will prove deals with the weak (p,p) estimates. 

Theorem 1.1. Let p, 7 be constants with 1 < p < 00 and < 7 < 1. Let 

w be a positive weight. The following statements are equivalent: 

(a) All operators T G CZO{^) are of weak type (p,p) with respect to wdfi. 

(b) The maximal operator N is of weak type (p,p) with respect to wdfj,. 
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Next we state the corresponding result for the strong (p,p) estimates. 

Theorem 1.2. Let p, 7 be constants with 1 < p < 00 and < 7 < 1. Let 

w be a positive weight. The following statements are equivalent: 

(a) All operators T G CZO{^) are bounded on L p (w). 

(b) The maximal operator N is bounded on L p {w). 

Let us denote by Z p the class of weights w such that N is bounded on 
L p (w)i and by Z p its weak version, that is, the class of weights w such that 
N is bounded from L p {w) into L p '°°(w). Notice that since N is bounded 
on L oc (w), by interpolation we have Z p C Z q if 1 < p < q < 00. On the 
other hand, the inclusion Z p C Z p is trivial, and by duality (of CZO's) and 



Theorem L2 it follows that w G Z p if and only if a G Z p r, where p' stands 
for the conjugate exponent of p, i.e. p' = p/(p — 1). 

We will prove the following self improving property for this type weights: 

Theorem 1.3. Let w be a positive weight and 1 < p < 00. If w G Z™ and 

a = utVCp-i) g Z%, then w G Z p and a G Z p >. 



More detailed results are stated in Lemmas |3.1| and [3^ in Section 3. In 
particular, necessary and sufficient conditions of "Sawyer type" are given for 
the boundedness of N on L p (w) and also for the weak (p,p) case. Moreover, 
it is shown that if w G Z p (w G Z p ), then the maximal CZO 

T*/(x) = sup|T e /(x)| 

£>0 

is bounded on L p (w) [of weak type (p,p) with respect to w]. 

Let us see an easy consequence of our results. Given A > 1, let M\ be 
following version of the maximal Hardy-Littlewood operator: 

(1.6) 

M x f(x) = sup —— — — / l/l dp,, f G Lj (p), x G supp(ju). 

r>Q K B K x ^ Xr )) J B{x,r) 

It is easily seen that for any A > 1, 

(1.7) iV/(x) < C(A) M A /(x), / G Lj oc (p), x G supp(^). 

Thus all weights w such that M\ is bounded on L p (w) belong to Z p , and 
then all CZO's are bounded on L p (w). 

Observe that the maximal operator N is a centered maximal operator, 
which is not equivalent to any "reasonable" non centered maximal operator, 
as far as we know. This fact and the absence of any doubling condition on \x 
are responsible for most of the difficulties that arise in our arguments. For 
instance, it turns out that the weights of the class Z p don't satisfy a reverse 
Holder inequality, in general. Indeed there are examples which show that it 
may happen that w G Z p but w 1+£ G" Lj oc (/j,) for any e > (see Example 
L1.3| ). Also, we will show that the the weights in Z p satisfy a property much 



weaker than the Aoo condition of the classical A p weights (see Definition 4.1 



and Lemma 4.3), which is more difficult to deal with. 
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The plan of the paper is the following. In Section 2 we recall the basic 



properties of the lattice of cubes introduced in |To3] and [To4|, together 
with its associated approximation of the identity. This construction will be 
a essential tool for our arguments. In the same section we will study some of 
the properties of the maximal operator N. In Section 3 we state Lemmas 3.1 
and 3.2, from which Theorems 1.1, 1.2 and |1.3| follow directly. Lemma |3Tl 



deals with the weak (p,p) estimates, and it is proved in Sections 4-6, while 
the strong (p,p) case is treated in Lemma |3.2| , which is proved in Sections 
7-9. In Section 10 we explain how to prove the theorems above in their full 
generality, without a technical assumption that is used in Sections 4-9 for 
simplicity. Finally, in Section 11 we show some examples and make some 
remarks. 

Acknowledgement. I am grateful to J. Mateu and J. Orobitg for their 
interest and for very useful conversations. 

2. Preliminaries 

2.1. The lattice of cubes. For definiteness, by a cube we mean a closed 
cube with sides parallel to the coordinate axes. We will assume that the 
constant Cq in Ql.lQ has been chosen big enough so that for all cubes Q C M d 
we have n{Q) < Co£(Q) n , where £(Q) stands for the side length of Q. 

Given a, (3 > 1, we say that the cube Q C M. d is (a, /?)-doubling if n(aQ) < 
{3/jl(Q). If a and f3 are not specified and we say that some cube is doubling, 
we are assuming a = 2 and (3 equal to some constant big enough (/? > 2 d , 
for example) which may depend from the context. 



Remark 2.1. Due to the fact that fi satisfies the growth condition (|1.1| ), there 
are a lot "big" doubling cubes. To be precise, given any point x £ supp(/x) 
and c > 0, there exists some (a, /3)-doubling cube Q centered at x with 
l(Q) > c. This follows easily from ( |1.1| ) and the fact that we are assuming 
that > a n . 

On the other hand, if j3 > a d , then for /i-a.e. x £ R d there exists a 
sequence of (a, /3)-doubling cubes {Qk}k centered at x with i(Qk) — ► as 
k — > oo. So there are a lot of "small" doubling cubes too. 

Given cubes Q, R, with Q C R, we denote by zq the center of Q, and by 
Qn the smallest cube concentric with Q containing Q and R. We set 



5(Q,R) = [ 1 -—dix{x). 

JQr\Q \ x - Z Q\ 



Qr\Q \ x ~ z Q\ 

We may treat points x £ M. d and the whole space R d as if they were cubes 
(with l{x) = 0, £(M. d ) = oo). So for x £ M. d and some cube Q, the notations 
6(x,Q), S(Q,M. d ) make sense. Of course, it may happen 5(x,Q) = oo and 
5(Q,R d ) = oo. 

In the following lemma, proved in [To3], we recall some useful properties 
of £(•,•)• 
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Lemma 2.2. Let P,Q,R C R d be cubes with P C Q C R The following 
properties hold: 

(a) If£(Q) « £(i?) ; then 5{Q,R) < C. In particular, 5(Q,pQ) < C 2 n p n 
for p > 1. 

(b) If Q C R are concentric and there are no doubling cubes of the form 
2 k Q, k>0, with Q C 2 k Q C R, then S(Q,R) < C 3 . 

(0 W<c(it^). 

(d) |(5(P, i?) — [5(P, Q) < £o- TYiai is, with a different notation, 

5(P,R) =5(P,Q)+5(Q,R)±e . 

The constants C and £o that appear in (b), (c) and (d) depend on Co, n, d. 
The constant C in (a) depends, further, on the constants that are implicit 
in the relation ~. Let us insist on the fact that a notation such as a = b ± e 
does not mean any precise equality but the estimate \a — b\ < e. 

Now we will describe the lattice of cubes introduced in |To4 |, In the 
following lemma, Q x ,k stands for a cube centered at x, and we allow Q x ,k = x 
and Q x ,k = ^- d - If Qx,k 7^ x,W*, we say that Q x ,k is a transit cube. 

Lemma 2.3. Let A be an arbitrary positive constant big enough. There 
exists a family of cubes Q Xt k, for all x € supp(^), k G 7L, with Q X) k centered 
at x and such that: 

(a) Q x ,k C Q x j ifk>j. 

(b) lirnj t _ H . 00 l{Q x ,k) = and limj fc _»_ 00 £(Qa;,fc) = oo. 

(c) 5(Q Xyk , Qx,j) = (j — k)A ± e if j > k and Q x , k , Qx,j are transit cubes. 

(d) 5(Q x ] k , Q xJ ) < (j — k)A + e if j > k. 

(e) If2Q X)k n2Q y , k ^ 0, then2Q X)k C Q y , k -i and£(Q x , k ) < t{Q y>k _x)/im. 

(f) There exists some rj > such that if m > 1 and 2Q X:k+m n 2Q Vtk ^ 0, 
then£(Q x , k+m )<2-« A ™£(Q ytk ). 

The constants e, n in (c), (d) and (f) depend on Co,n,d, but not on A. 



See | To4 , Section 3] for the proof. The constant e above must be under- 
stood as an error term, because we will take A ^> e. Let us notice also that, 
if necessary, the cubes Q x ^ k can be chosen so that they are doubling (see 
[ p?o4| 1 ) . However we don't need this assumption. 

Remark 2.4. If x G supp(/u) is such that f B , ^ \y — x\~ n dp(y) < oo, then 
it follows from the properties of the lattice that there exists some K x € Z 
such that Q X; k = x f° r k > K x and Q X)k ^ x for k < K x . In this case we 
say that Q Xj k is a stopping cube (or stopping point). 

If Jm.<i\b(x i) \v~ x \~ n dfJ>(y) < oo (which does not depend on x G supp(/i)), 
then there exists some constant K x such that Q Xy k = f° r k < K x and 
Q Xy k 7^ K d for k > K x . We say that M. d is an (or the) initial cube. From 
the property (e) in the lemma above, it follows easily that \K X — K y \ < 1 
for x,y G supp(^/). However, as shown in [To4], the construction of the 
lattice can be done so that K x = K y =: Kq for all x,y, and so that 
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5(Q X /> 0+m ,IR ) = mA ± e for m > 1. For simplicity, we will assume that 
our lattice fulfils these properties. 

If Js^i) ^ ~ x \~ nd Ky) = Jr>i\b(x,T) \y ~ x \' n dKv) = °°, tnen a11 the 

cubes Q x ,ki & G Z, satisfy < £(Q x ,k) < °o. That is they are transit cubes. 

We denote V k = {Q x ,k '■ % G supp(/i)} for k G Z, and = IJfcez ^fc- 
Consider a cube Q C whose center may not be in supp(^x). Let Q x ,k 
be one of the smallest cubes in T> containing Q in the following sense. If 

£ = mf{£(Q x>j ) : Q xJ eV,Qc Q xJ }. 

Take Q Xyk containing Q such that £(Q x , k ) < W^ - Then we write Q G 
AV k (by the property (e) above, k depends only on Q). In a sense, Q is 
approximately in T> k . Given k,j with — oo < k < j < +oo, we also denote 
AV k j = Uh^-ADh- If Q is such that there are cubes Q X;k , Qy,k-i with 
Q x ,k C Q C Qy^k-i-, then it follows easily that Q G AT> kk _\. 

2.2. The kernels s k (x,y). For each x G supp(/i), Sk(x, •) is a non negative 
radial non increasing function with center x, supported on 2Q Xjk _i, and such 
that 

(a) s k {x,y) < 1 for all y G R d . 

A\x — y\ 

(b) s k (x, y) « — ^ — ^ for all y G Q Xifc . 

(c) s fc (x, y) = -T7— — - for all y G Q x k -i \ Q x ,k- 

A\x — y\ n 

(d) V y s k {x,y) < OA' 1 min ( £(Q ^ )TO+1 , j^pi ) for a11 * € 

Lemma 2.5. 7/ y G supp( / u), i/ien supp(sfc(-, y)) C Q y ,k-2- 

If Q G -APfc and z G Q n supp(//), i/iera supp(sfc +m (z, •)) C /or all 
m > 3, and supp(sfc+ m (-, z)) C / or a ^ m> 4. 

Proof. For the assertion supp(sfc(-, y)) C Q Vt k-2i see [fTo3 | or [To4|. 

Let Q G ^ffc and z G Qflsupp/x. We have Q G: Q z ,fc+i, because otherwise 
Q APfc. Thus ^(Q«,fc+l) < 2f(Q). Then, 

supp(s fe+m (z, •)) C 2Q2 )fc+m _! C — Q, 

because ^(2Q Zifc+m _i) < ^^(Qz.fe+i) < T5o^(<5)- Finally, the inclusion 
supp(sfc +m (-, z)) C follows in a similar way. □ 

In |To4| , Section3] the following estimates are proved. 

Lemma 2.6. If A is big enough, then for all k G Z and z G supp(/i) w;e 
have 

f 10 f 10 

(2.1) s k (z,y)dfi(y) < — and s k {x, z) dfj,(x) < —. 
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If moreover Q Zt k is a transit cube, then 

f 9 f 9 

(2.2) s k (z,y)dfj,(y) > — and s k (x, z) dfi(x) > —. 

In the following lemma we state another technical result that we will need. 
Lemma 2.7. For all k £ Z and x,y € supp(|tx) ; we have 

(2.3) s k {x,y) < C(s k -i(y,x) + s k (y,x) + s k+ i(y,x)). 



The proof follows easily from our construction. See also [To3, Lemma 
7.8]. 

We will denote by S k the integral operator associated with the kernel 
s k (x,y) and the measure \x. From ( Ell ) we get 

(2.4) S k f(x) < C{S* k _J(x) + S* k f(x) + S* k+1 f(x)) , 

for / € L] (fJL), f > 0, and x € M d . Observe also that (|2.1| ) implies that the 
operators are bounded uniformly on L p (//), for all p € [1, oo]. 

Notice that the only property in the definition of Calderon-Zygmund ker- 
nel which s k (x,y) may not satisfy is the gradient condition on the first 
variable. It is not difficult to check that if the functions £(Q x ,k) were Lip- 
schitz (with respect to x) uniformly on k, then we would be able to define 
s k (x, y) so that 

(2-5) \y x s k {x,y){y)\ < C 

/±\x — y\ 

in addition to the properties above. The following Lemma solves this ques- 
tion. 



Lemma 2.8. The lattice T> can he constructed so that the functions t\^i^x,k) 
are Lipschitz (with respect to x 6 supp(/i) ) uniformly on k and the properties 
(a)-(f) in Lemma |^. j| still hold. In this case, the operators S k , k 6 Z, are 
CZO's with constants uniform on k. 

Proof. Suppose that the cubes Q x ,k £ f have already been chosen and the 
properties stated in Lemma 2.3 hold. Let us see how we can choose cubes 
Q x ,ki substitutes of Q x ,k> such that i^k{x) := l(Q x ,k) is a Lipschitz function 
on supp(^). For a fixed k, we set 

(2.6) ip k (x) := sup (t(Q z ,k) ~ \x - z\). 

zGsupp(/i) 

It is easily seen that this is a non negative Lipschitz function, with constant 
independent of k. Then, we denote by Q x ,k the cube centered at x with side 
length ipk(x). 

We have to show that Q Xt k is a good choice as a cube of the scale k. 
Indeed, by the definition ( |2.6D it is clear that l{Q x ^k) > £(Qx,k)- Thus 

Q X ,k C Q x ^k- 
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Take now zq E supp(/i) such that 

99 ~ 

£{Qz ,k) - \x - Z \ > — i(Qx,k)- 

This inequality implies \x— z \ < £(Q ZQj k), and also £(Q X: k) < 100£((5 2o ,fc)/99. 
Thus x £2Q ZQ ,k and Q Xjk C 4Q 2Qjfc . The inclusions Q Xjk C Q X)k C <±Q ZQ ,k 
imply 6(Q x>k ,Q x ,k) < C4 < 8(Qx,k,Qx,k-i), with C 4 depending only on n, 
d, Co- One can verfy that the properties in Lemma |2,3| still hold, assuming 
that the constant C4 is "absorbed" by the "error" e in (c) and (d) in Lemma 



2.3. □ 



2.3. The maximal operator N. In the following lemma we show which 
is the relationship between N and the operators S k . 



Lemma 2.9. We have 



iV/(x)«su P 5 fc |/|(x) 
fcez 



for all f E Lj (fi), x E with constants independent of f and x. 

Proof. For fixed x E supp(/x) and k E Z, we have Sk(x,y) < C <fx,r,R(y), 
with r = C£(Q X i~) and i? = C£(Q X k -i)- Assume < r, R < 00. We have 

S*|/|(a;) < -, ~ I ° |, / I^k/Mm < CNf(x). 

If r = or R = 00, we also have Sk\f\(x) < C Nf(x) by an approximation 
argument, and so sup fc Sfc|/|(x) < C Nf(x). 

Let us see the converse inequality. Given < r < R < 00, let k be the 
least integer such that Q Xtk C B(x,r). Now let m be the least positive 
integer such that B(x,R) C Q x ,k-m- Then we have 

<Px,r,R(y) ^ C fakO^ 2/) + J/) H h S fc __ m (x, J/)). 

Also, it is easily checked that 1 + H^r^Hi 1 ^) — C m - Therefore, 



1 + WVx 



1 /' C m 

— n / \Vx,r,Rf\dn < — ) S h \f\(x) < 2Csup5j|/|(x). 



h=0 

□ 



In the rest of the paper we will assume that the operator N is defined not 
by (pi, but as 

Nf(x) :=sup5 fe |/|(x). 
With this new definition we have 

Lemma 2.10. Let A > and f E Lj (fi). For each k € 7L, the set {x E 

: S k \f\(x) > A} is open. As a consequence, {x E M d : Nf(x) > A} is 
open. 
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The proof is an easy exercise which is left for the reader. 

Given a fixed x G supp(/x), we can think of S k f(x) as an average of the 
means Tn B f x ,r)f over some range of radii r. Arguing in this way, ( |1.7| ) follows. 
We will exploit the same idea in the following lemma. 

Lemma 2.11. For all a > 1, we can choose constants A, j3, C5 big enough 
so that the following property holds: Let x G supp(^), k G Z and f G Lj oc (/i), 
and assume that Q xk is a transit cube. Then there exists some ball B(x,r) 
with Q x ,k C B(x,a~ 1 r), B(x,r) C Q x ,k-i such that B(x,a~ 1 r) is (a, (3)- 
doubling and m B ( x ,r)\f\ < C 5 S k \f\(x). 

It is easy to check that there are balls B{x,r{) and B(x,r2) with Q xk C 
B(x, a ri), B(x,r2) C Q x ,k such that B(x, a" 1 r\) is (a, /3)-doubling and 
m B(x,r 2 )\f\ — C S k \f\(x). However, it is more difficult to see that we may 
take B(x, n) = B(x,r2), as the lemma asserts. 

On the other hand, the lemma is false if we substitute the condition 
u m B ( x ,r)\f\ < C 5 S k \f\(xY by "m B(a , r) |/| > C^ 1 S k \f\(x)\ 

Proof. We denote A := S k \f\(x), R = d 1 l 2 i{Q x , k ), and R x = £(Q x , k - 1 )/2. 
Recall that, for fixed x, k, we have defined s k (x,y) = ip(\y — x\), where 
ij) : R — > R is non negative, smooth, radial, and non increasing. Then we 
write 



A= / \f(y)\s k (x,y)d f i(y) = / W (r)\ 



I \f\dn)dr. 

K JB(x,r) J 



We denote h(r) = \ip'(r)\fi(B(x,a 1 r)) and 



m a(r) = . . 1 _ 1 rr / \f\dfi. 

Thus, A = J h(r) m a (r) dr. 

Let us see that h(r) dr is "big". Recall that tp'(r) = l/(Ar n+l ) for 

r G [flo.fli]. Then, for s G [i? , a -1 -Ri], we have \^'{as)\ = |^'(s)|/a n+1 . 
Therefore, 

Hi ra^R! 

h{r)dr = a~ n / \i/)\s)\fi(B(x,s))ds 

aRo J Ro 

s k (x,y)d[i(y) 

R <\x-y\<a- 1 R 1 

+ V(i?o) KB(x, Rq)) - V(a- X fli) a- 1 ^)) | 



> a"™ / s k (x,y)dfi(y) - C Q A- 1 

\jRo<\x-y\<a- 1 R 1 
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SillCe I\x-y\<Ro S fc( X > V) - C A ^ and als ° I\x-y\>a-->-R 1 S k( X i V) d ^V) ^ 

C A" 1 , for A big enough we obtain 

rRi 



h(r) dr > — !— =: M, 



using ( |2,2| ). If we denote the measure h(r) dr by h, we get 

M f M 
h{r : m a (r) > 2X/M} < — / m a (r) h(r) dr = — . 

2A J 2 

Thus, 

M M 

h{r G [aRo, Ri] : m a (r) < 2A/M} > M — = — . 

Now we will deal with the doubling property. If B(x, a~ l r) is not (a, f3)- 
doubling, we write r G ATD. We have 

fcfla.Ro, -Ri] niV£>) = / |^'(r)|/i(S(x,a" 1 r))(ir 

^re[a-Ro,-Ri]niVD 

rRi 

< /T 1 / |^'(r)|/i(S(x,r))dr 



aRo 



< P 

Therefore, 



/in 
s k (x,y)d^y)<-(3-\ 



h({r G [ai? , Hi] : m a (r) < 2A/M} \ iVL>) > y - y/T 1 . 

So if we take /3 big enough, there exists some r G [ai?Q,i?i] such that 
B(x,a~ 1 r) is (a, /3)-doubling and jtt,_b( X!7 -)|/| < rn a (r) < 2X/M. □ 



As a direct corollary of Lemma 2.11 we get: 

Lemma 2.12. Assume that A, /3, Cq are positive and big enough. Let x G 
supp(/i) ; k G Z and / G Lj oc (fi). If Q x ,k * s a transit cube, then there exists 
some (2, (5) -doubling cube Q G AT>k t k~i centered at x such that rri2Q|/| < 
C e S k f(x). 

In the rest of the paper we will assume that the constant A used to 
construct the lattice T> and the kernels Sk(x,y) has been chosen big enough 
so that the conclusion of the preceding lemma holds. 

3. The main lemmas 
Theorems |1 . 1| , [L^ and 1.3 follow from the following two lemmas: 

Lemma 3.1. Let p, 7 be constants with 1 < p < 00 and < 7 < 1. Let w > 

be a weight and a = . The following statements are equivalent: 

(a) All operators T G CZO{^) are of weak type (p,p) with respect to wdfj,. 

(b) For all T G CZO{^f), T* is of weak type (p,p) with respect to wdfj,. 

(c) The maximal operator N is of weak type (p,p) with respect to wdfj,. 
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(d) The operators S k are of weak type (p, p) with respect to w dfj, uniformly 
on k G Z. 

(e) For all k G Z and all cubes Q, 



(3.1) y \S k (w XQ )\ p adfi<Cw(Q), 

with C independent of k and Q. 

Lemma 3.2. Let p, 7 be constants with 1 < p < 00 and < 7 < 1. Let w > 

be a weight and a = to - 1 /(p~ 1). TTie following statements are equivalent: 

(a) AZ/ operators T G CZO(7) are bounded on L p {w). 

(b) For a// T G CZOi^f), is bounded on L p (w). 

(c) T/ie maximal operator N is bounded on L p {w). 

(d) The operators S k are bounded on L p {w) uniformly on k G Z. 

(e) For all k E Z and all cubes Q, 



; \S k (a XQ )\ p wdfi<Ca(Q) 
and 

J \S k (w X Q)\ p ' adfi<Cw(Q), 
with C independent of k and Q. 



Notice that the Sawyer type conditions (e) in Lemma and Lemma 3.2 
involve the operators S k instead of the maximal operator N. In the present 
formulation these conditions are much weaker and of more geometric nature 
than the analogous conditions involving N. 

The scheme for proving both lemmas is exactly same. In both cases we 
will start by (c) (b). Later we will see (b) (a) => (d) => (e). These 
will be the easy implications. Notice, for instance, that (b) => (a) is trivial. 
Finally we will show (e) (c). This will be the most difficult part of the 
proof (in both lemmas). 



For simplicity, to prove Lemma 3.1 and |3.2j, we will assume that all the 



cubes Q xh G T> are transit cubes. In Section 10 we will give some hints 
for the proof in the general case. We have operated in this way because 
the presence of stopping cubes in the lattice T> introduces some technical 
difficulties which make the proofs more lengthy, but the ideas and arguments 
involved are basically the same than in the special case in which all the cubes 
in T> are transit cubes. 



First we will prove Lemma 3.1 



4. The implication (c) =>■ (b) of Lemma 3.1 



Definition 4.1. We say that w satisfies the property if there exists 
some constant r > such that for any cube Q G AV k and any set A C M d , 
if 

(4.1) S k+3X A(x) > 1/4 for all x G Q, 



WEIGHTS FOR CALDERON-ZYGMUND OPERATORS 



13 



then w(Ar\2Q) > tw{Q). 
Lemma 4.2. If 



\S* k (w XQ )\ p adfi<Cw(Q) 
for all cubes Q and all fcGZ, then w satisfies the property Z 



Proof. Take Q S AT> k and A C M satisfying ( |4. 1[ ) . By the assumption 
above, the fact that supp(sfc + 3(x, •)) C 2Q for x € Q, and Holder's inequal- 
ity, we get 



w{Q) < 4 / (S k +3XA)wdn 

(Sk+3XAn2Q)wdfj, = 4 / Sl +3 (w xq) dn 

J APO.Q 

( r \ 1/p ' 

< 4(J S* k+3 (w X Q) p 'o*dv) w(AH2Q) 1 /p 



< Cw(Q) 1/p ' w(An2Q)^ p , 
and so w(Q) < Cw{An2Q). □ 

Notice that if iV is bounded on L p (w), then the operators S k are bounded 
on L p (w) uniformly on k. By duality, the operators S% are bounded on 



IP (a) uniformly on k too. Then, by Lemma 4.2 , w satisfies Z^. 

Occasionally we will apply the condition by means of the following 
lemma. 

Lemma 4.3. Suppose that w satisfies the Z^ property. Let A C M. d and 
Q G AT>h. Let {Pi}i be a family of cubes with finite overlap such that 
An |<5 C IJi-fi) with P{ 6 AT> +00 ^+4 for all i. There exists some constant 
5 > such that if fj,(A n Pi) < 5 /u(Pj) for each i, then 

(4.2) w(2Q \A)> tw(Q), 

for some constant r > (depending on Z^). If, moreover, w(2Q) < 
Cyw(Q), then 

(4.3) w(Ar\2Q) < (1 - Cj 1 t)w{2Q). 

This lemma, specially the inequality (fO|), shows that the Z^ property 
can be considered as a weak version of the usual Aoo property satisfied by 
the A p weights. Notice that unlike Aoo, the Z^ condition is not symmetric 
on /i and w. 

Let us remark that we have not been able to prove that the constant 
1 - Cjhau in gj) can be substituted by some constant Cs tending to as 
<5 — > 0. Many of the difficulties below stem from this fact. 
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Proof. For a fixed x$ € Q, we denote Qo := Qx ,h+3- Observe that 

3 
2 ( 



suppfafc+afco, •) xa) c A n 2Q XQ>h+2 C An-Q c{JPi. 



We have 

^ /x(2JQ n A) 

^+3XA^0)<^ £(VQ Q )n ' 

where no is the least integer such that 2Q X0 .h+2 C 2 ri °Qo- If -P H 2- ? Qo 7^ 
then £(Pi) < £(2 i Q )/10. Therefore, 

M2 J Q n^)< Yl KPi^A)< M^) <cW +1 Qo)- 

Thus, 

If (5 is small enough, we have Sh+3XR d \A( x o) > 1/4 for all xo G Q. Therefore, 
(U) holds. 

Finally, flO) follows easily from (O). □ 



The implication (c) =>■ (b) of Lemma 34 is a direct consequence of the 
good A inequality in next lemma. 

Lemma 4.4. Suppose that w satisfies the condition. Let T E CZO(j). 
There exists some r\ > such that for all X,e > 

(4.4) 

w{x : %f{x) > (1 + e) A, iV/(s) < 5X} < (1 - jj) w{x : r*/(x) > A} 

if 5 = 5(r],e) > is small enough. 

Let us remark that the constant S depends also on the weak (1,1) norm 
of T* (with respect to fi) and on n, d, besides of rj, e, but not on A. 

Proof. Given A > 0, we set £l\ = {x : T*f(x) > A} and 

A\ = {x : T m f(x) > (1 + e) A, Nf(x) < 5X}. 

So we have to see that there exists some rj > such that, for all e > and 
A > 0, w(A\) < (1 — rj) w(Q\) if we choose 5 = 6(p, e) > small enough. 

Since ft\ is open, we can consider a Whitney decomposition of it. That is, 
we set Q\ = \J i Qi, so that the cubes Qi have disjoint interiors, dist(Qj, M rf \ 
Q x ) £(Qi) for each i, and the cubes 4Qi have finite overlap. 

Take a cube such that there exists some xq 6 2Qj with Nf(xo) < 5X. 
By standard arguments, one can check that for any x G 26,),, 
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where is the centered radial maximal Hardy-Littlewood operator: 



M c R f(x)= sup \ [ \f\dfi. 

r>0 T n J B (x,r) 



r>0 T J B(x,r) 

Since M%f < CNf, we get TJxr*\3 Qi (x) < U + C 8) A if x G A x n 2Q { . 
For 5 small enough, this implies T*(fx3Qi)(x) > § A for all i G H 2Qj. 
So we have 

(4.5) A A n 2Qi C {x G 2Q, : T*(/ X 3qJ(x) > s\/2, Nf(x) < SX}. 
Let fceZbe such that G AT> k . Let us check that 

(4.6) S fe+3 XA A (y) < Cfe- 1 for all y G Q t . 

For a fixed y € Qi, let jo be the least non negative integer such that there 
exists some yo G 2 3o Q yk+3 . Let us denote Cj = 2iQ yk+3 \ 2 3 ~ 1 Q yk+3 for 
j > jo, and Cj = 2 3o Q y ^ +3 . Then we have 



„ no 

Sk+3XA x (y) = / s k+3 (y,z)dfi(z) < C V 

J A\C\2Qi j=jQ 



where no is the least integer such that 2Q y ^ +2 C 2 n ° Q V: k+3- Let Vj be the 
£(2 J Q yi fc + 3)-neighborhood of Cj. It is easily checked that r*(/x 3 Q j yy.)(z) < 
C Nf(z) for all z £ Cj. Therefore, if 5 is small enough, for z E A X C\ Cj we 
must have T*(fxVj)( z ) — eA/4. Then, by the weak (1,1) boundedness of T* 
with respect to fj,, we get 



M^a n Cj) < n{z : T*{f XVj ){z) > eA/4} < ^ / |/| ,/,,. 



Using the finite overlap of the neighborhoods Vj, 

C n ^ 1 f c cs 



J =30 



which proves ( [4.61) . 

Since S k+3 X2Q t {v) > V 2 for a11 V G Qj> we S et 5*fc+3X2QAA A (y) > 1/2 - 
Cfe -1 > 1/4, if 5 is small enough. By the condition, 

w(2Qi\A x )>Tw(Qi). 

Therefore, by the finite overlap of the cubes 2Qi, 

(4.7) w(Q x ) < r- 1 ]T w(2Q t \A X )<C a^w^ \ A x ). 

i 

Thus, w(A\) < (1 — C t _1 ) w(fl x ). Now we only have to take p := 1 — C r _1 
(which does not depend on 5, £ or A), and (4.4) follows. □ 
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5. The implications (b) =4> (a) =4> (d) => (e) of Lemma [TT 



The implication (b) => (a) is trivial. Let us see the remaining ones. 

Proof of (a) (d) in Lemma |3.l| . We have defined the kernels sj.(x,y) 
so that they are CZ kernels uniformly on k € Z. By the statement (a) in 
Lemma |3.1| we know that they are of weak type (p,p) with respect to w d\i. 
We only have to check that this holds uniformly on k. Indeed, if this is not 
the case, for each m > 1 we take Sk m such that \\Sk m \\LP{w),LP>°°(w) — m ^ ■ 
Then we define T = -KSh . Since VV, -K < oo, T is a CZO (using 

also the uniform properties of the the operators S^). On the other hand, we 
have \\T\\ LP ( w ),lp><x>(w) > ^||5fc ro ||LP(w),Lp.°°(u>) > m for each m, because S k 
are integral operators with non negative kernel. Thus \\T\\Lpf w ),LP>°°(w) = °°> 



which contradicts the statement (a) in Lemma 3.1. □ 



Proof of (d) =^ (e) in Lemma 3J.. Since the operators Sk are of weak 
type (p,p) with respect to wdfj,, from ( |2.4j) it follows that their duals are 
also of weak type (p,p) with respect to wdfj,, uniformly on k. Then, the 
statement (e) is a consequence of duality in Lorentz spaces. We only have 
to argue as in [Pawl , p. 341], for example: 



\Sk(w Xq)\ p °dn 



i/ P > 



< 



S k (w XQ)fcrdfi 
St(fcr)wdfi 

/•oo 

sup / w{x € Q : SKf a)(x) > \}d\ 
lw»<i-/o 

oo 

min(CA- p , w(Q)) dX = Cw(Q)^ p '. 



sup 

IIlP(<t)< 

sup 

IIlP(ct)< 



□ 



6. The implication (e) =^ (c) of Lemma 3.1 



We need to introduce some notation and terminology. Let be an open 
set. Suppose that we have a Whitney decomposition Q = (J i Qi into dyadic 
cubes Qi with disjoint interiors, with WQi C 0, dist(Qj, d£l) ~ i(Qi), and 
such that the cubes AQi have finite overlap. We say that two cubes Q and R 
are neighbors if Q n R 7^ (recall that we are assuming that the cubes are 
closed). For a fixed i, we denote by U\{Qi) the union of all the neighbors of 
3Qi (including Qi itself). For m > 1, inductively we let U m (Qi) be the union 
of all the cubes which are neighbors of some cube in U m -\{Qi). That is, one 
should think that U m (Qi) is formed by 2Qi and m "layers" of neighbors. 
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We denote by M R the non centered radial maximal Hardy-Littlewood 
operator: 

M R f(x)= sup — — / \f\dfi, 
B-.xeB r{B) n J B 

where B stands for any ball containing x and r(B) is its radius. 

In order to prove the implication (e) =4> (c) we will need a very sharp 
maximum principle. In the following lemma we deal with this question. 

Lemma 6.1. Let e > be some arbitrary fixed constant. There exist (3 > 
and m > 1, m £ Z, both big enough, such that the operator T = N + (3 M R 
satisfies the following maximum principle for all A > and all f € Lj oc (fi): 
Let Q\ = {x : Tf(x) > X}, and consider a Whitney decomposition Q\ = 
Ui Qi as above. Then, for any x £ Qi, 

(6-1) nf XRdxUrnm )(x)<(l + e)X. 

The point in this lemma is that the constant e > can be as small as 
we need, which will be very useful. We only have to define the operator 
T choosing j3 big enough, and also to take the integer m sufficiently big in 
U m (Qi). Notice also that 

Nf{x)<Tf{x) < (l + C/3)Nf(x), 

because M R f(x) < CNf(x). 



Proof. Let x G Qi be some fixed point. First we will show that, for some 

z e on, 

(6.2) M R {f x ^\u mm ){x) < (l + e/2)M R f(z), 

if we choose m big enough. Let B be some ball containing x such that 

(1 +E/2) 1 / 2 — J \fXRd\ Umm \d^ > M R {fxRd\ Um{Qi) )(x). 

Notice that if M R (f XRd\ Um (Qi))( x ) + °> then B \ U m {Qi) + 0. Since 
3Qi C U m (Qi), we get 

(6.3) diam(B) > £(Qi). 

Recall also that U m (Qi) is formed by m "layers" of Whitney cubes, and so 
we have 

(6.4) dlam(B) > m inf £(Qj). 

j ■ Qj C U m (Qi) 

Qj n B ^ 

We distinguish two cases: 

(a) Assume W0£(Qi) < [(1 + e/2) l / 2n - 1] r(B) =: C £ r(B), that is £(Qi) is 
small compared to r(B). We choose z E dfl such that dist(x,M d \r2) = 
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\x — z\ < 100^(Qj). Then there exists some ball B' containing z and B 
with radius r(B') < r(B) + \x - z\ < (1 + e/2) 1 / 2 ™ r(B). Therefore, 

(6.5) Mnfiz) > * / l/l rfyu > . * . , / 1/1 d^, 

and Q holds. 

(b) Suppose that lOO^(Qj) > C e r(B). Then there exists some Whitney 
cube P in £7 m (Q;) such that P D B ^ and £(P) < 300 C^^Q^/m. 
Otherwise, by flO}) , 2r(S) > 300 C^iiQi), which contradicts our 
previous assumption. 

Since PnS ^ 0, we can find zGffi such that dist(z, B) < 100 £(P). 
Thus, 

dist(z,B) < 30000 Cj l i{Qi)/m < C £ £(Qi)/2, 

if m is chosen big enough. By Q6.3] ), we obtain dist(z, f?) < C £ r(B). 
Then there exists some ball B' containing z and B with radius 

r(fl') < (1 + C e ) r(B) = (1 + e/2) 1 / 2 ™ r(fl). 

Arguing as in ([T^), we obtain (|6^). 

Now we have to deal with the term Nf(x). Let rj > be some con- 
stant whose precise value will be fixed below. Consider the ball B v := 
B(x,r)£(Qi)), and assume that rj is big enough so that r)£(Qi) 3> dist(x, dQ), 
\x — z\, where z £ 30 is the point chosen in (a) or (b) above. Let us remark 
that in both cases we have \x — z\ < C £(Qi), where C may depend on m. 

We have 

N(fXRd\U m (Qi))( x ) ^ N (fXBr,\U m (Qi))( x ) + N (fXRd\ Brl ){x). 

If we take ?y big enough (so that |x — z\ <C ij£(Qi)), for each fc we have 

l<S'*(/X*'\B,)( a; ) - * S 'fc(/XRd\ J B t) )(2)l < C 8 M R f(z), 

where C 8 may depend on 77. Thus iV(/ Xu d \B v )( x ) - -W/(z) + C s M R f(z). 
We also have JV(/ X J B t) \i/ m (Q l ))( x ) ^ C 9 M R f(z), where C 9 depends on 77. 
Therefore, 

W X Rrf \t/ m (Q < ))( :c ) ^ ^/(*) + M ^)- 
If we take (5 such that C v < (3e/2, by flO|) , we get 

n/XR dWm ( Ql ))(^) < (l + e)Nf(z) + C r ,M R f{z) + P(l + e/2)M R f(z) 
< (l + e)Nf(z) + (3(l + e)M R f(z) 
= (l + e)Tf(z) < (l + e)A. 

□ 



Proof of (e) =>• (c) in Lemma 3^. We will show that for some (3 > 0, 
the operator T := N + /3Mr is bounded on LP^w). The precise value of 
f3 will be fixed below. Without loss of generality, we take / G Lj oc (/i) non 
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negative. Given any A > 0, we denote £l x = {x : Tf(x) > A}. We will show 
that there exists some constant 77, with < rj < 1, such that for all e, A > 

(6.6) «;(n (1+e)A ) < V w(Sl x ) + \f\ p wdfi, 

where C £ is some constant depending on e but not on A. It is straightforward 
to check that fl6.6|) implies that T is of weak type (p,p) with respect to w dfi 
for e small enough. 

As in Lemma |6.1| , we consider the Whitney decomposition Q x = [JiQi, 
where Qi are dyadic cubes with disjoint interiors (the Whitney cubes). Take 
some cube Qi C £l x . Suppose that m and j3 are chosen in Lemma |6.1| so 



that the maximum principle (6.1) holds with e/2 instead of e. To simplify 
notation, we will write f7, instead of U m (Qi). Then, for x £ Qi Pi Qn+ £ )\, 
we have T(f Xw*\Ui)( x ) < ( x + £ / 2 ) ^ and so 

(6.7) T(f XUi )(x)>eX/2. 

Let h G Z be such that G -A^h- If for all with h — n\ < k < h + 5 
we have Sk{fxUi)( x ) < 5 A, where rii,<5 are positive constants which we will 
fix below, then we write x G B x (i.e. x is a "bad point") and, otherwise, 
x G G A . 

Notice that G*a UB> = fyi+eU C We will see that B x is quite small. 
Indeed, we will prove that 

(6.8) w{B x ) < rj lW (n x ), 

for some positive constant r}\ < 1 independent of e and A. 

Assume that (|6.8|) holds for the moment, and let us estimate w(G x ). For 
Qi G -4£>/i, we have 

h+5 



w(QiPG x ) < j^J E S k (f XUi )wdn 



1 k=h—ni 
h+5 



5\ ^ 

k=h—n\ 



fXu,S k {w XQ t )dfi 

h+5 , r s / . s 1/p 



^ ^ E (,/ 's k (wx Qi ) p 'adf?j * (J \Wv,dp\ 



l/p 

\ffwdfi] 

Using the inequality a 1 ^' b 1 ^ <6a + 9- p '' p b, for a, b, 8 > 0, we get 



cf)-p'/p 

w(Qi n G x ) < 6w(Qi) H — — / l/I'Vr//,. 



20 XAVIER TOLSA 

It is not difficult to check that the family of sets {Ui}i has bounded overlap 
(depending on m). Then, summing over all the indices i, we obtain 

By (|6.8[) ) if we choose 9 = (1 — f?i)/2, we get 



which is (6.6) with rj = (1 + ??i)/2. 

Now we have to show that fl6.8| ) holds. We intend to use the property. 
Let us see that 

(6-9) S h+3 xn x \B x {y) > 7 



for all y G Qj. By (|6.7|) , if z G Qi, then N(f xUi)(z) > Cio A, where ZZio is 
some positive constant depending on e, (3. Then we have 

(6.10) S k (f xUtKz) > C w \ 

for some k>h — ri\. If moreover z € -Ba H Qi, then this inequality holds for 
some k > h + 6, assuming that we take 5 < C\q. 

Suppose that B\ n supp(s/ l+ 3(y, •)) ^ 0. Let jo > be the least integer 
such there exists some xo € 2 JO Q y ^ +3 , and let no be the least integer such 
that Q V; h+2 C 2 n °Qj/,/i+3- Then we have 

Sh+3XB x (y) = / s h+3 (y,z)dfi(z) 

Jz€B x 

It is not difficult to check that if z G B\ n (2 j,+1 Qj / ,/i+3 \ 2 : >Q y j l+3 ) and 
A; > /i + 6, then supp(s fc (z, •)) C 2J +2 Q M+3 \ 2^- 1 Q y ^+3 =: Ay Therefore, 
N(fXAj)(z) — Cio A. Then, by the weak (1, 1) boundedness of N, we have 

n{B x n (V +1 Q y , h+3 \ VQ y , h+3 )) < [i{z : N{fxA 3 )(z) > C 10 X} 

< f/j/i*. 

Thus, by the finite overlap of the sets Aj, and since xq £ B\, 
C n ° 1 f 

c 

< — (S h+2 f{x ) + S h+3 f(x ) + S h+i f(x )) < C u 5. 
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Notice that Cn depends on e, but not on 5. If 5 is small enough, we obtain 
Sh+3XB x (y) < 1/4. Now, since supp(s /l+3 (y, •)) C we have 

9 1 

s , / l +3Xn x \s A (y) > Y?j ~ s h+3 XB x (y) > 



and (|6Tq[) holds. 

By the property, we get w{2Qi \ B\) > rw(Qi), and because of the 
finite overlap of the cubes 2Qi, 



w( 



;(«a) < r- 1 w(2Qi \ B\) < C 12 T~ l w{n x \ B x ), 

i 

which implies d6.8|). □ 



7. Preliminary lemmas for the proof of Lemma 3.2 



Section 7-9 are devoted to the proof of Lemma [T^. As in our lemma 
about the weak (p, p) case, the implication (c) => (b) is a direct consequence 



of the good A inequality of Lemma iA . The proofs of the implications (b) 



=> (a) =4> (d) => (e) are similar to the ones of Lemma |3.l| . We will not go 
through the details. So we have to concentrate on the implication (e) =>■ 
(c), which is more difficult than the corresponding implication of the weak 
(p,p) case, as we will see. 

In this section we will obtain some technical results which will be needed 
later for the proof of (e) => (c). 

Lemma 7.1. Let p > 1 be some fixed constant. Let Q dW 1 be some cube 
and suppose that x G Q n supp(/i) ; x' G pQ n supp(/z), and y G M. d \ 2Q. 
Then, Sk{x,y) < C13 Y2j=k-5 s j( x '> v)> f or an V k £ with C13 depending 
on p and assuming A big enough (depending on p too). 

Proof. We denote s k (x',y) = ^2j=k~5 s j( x '> v)- Observe that, by the defini- 
tion of the kernels Sk(x',y), we have 

(7.1) Ax', V) - min ( 77^—^, JZT^) * V * Q^- 



Let h G Z be such that Q € .AXV If k > h + 3, then supp(sfc(a;, •)) C 2Q 



by Lemma 2.5, and then Sk(x,y) = 0. 

Assume now k < h — 3. Since Q £ AD^, we have Q C Q x ,h-i- If ^4 is big 
enough (depending on p), we deduce x' G Q x ,h-2 C Q^fc by (g) in Lemma 



2.3, Then we get 2<5 a;ifc _i C and so y G Q x ' i fc_4 if s k (x,y) 7^ 0. We 



also deduce ^(Qo;' ifc+5) ^ £{Qx,k)- By (|7.1|), if Sk{x,y) 7^ 0, we obtain 



-1 



mm 



1 1 



- C 1 min f — — — — , — I > Sk(x,y). 

U(Qx,k) n \x-y\ n J ~ feV ,y ' 

Suppose finally that \h — k\ < 2. As above, we have x' G Q x ,h~2, and 
since /i — 2 > A; — 4, x' G Q x £-4. Then we get 2Q X C fc_5, and 
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so y G Q x ',k-5 if Sk(x,y) ^ 0. On the other hand, Q <f_ Q x ',h+i, because 
Q G AV h . Thus 

i(Qx',h+i) <C£(Q) <C\x-y\, 
with C depending on p. Then, if Sk(x,y) / 0, by (|7. l[) we get 

*V,2/) > CT 1 — > C- 1 **(!,!/). 

f ~~ y| 

□ 

Given a,/3 > 1, we say that some cube Q C M rf is fi-a-(a, /3)-doubling 
if n(aQ) < (3 p{Q) and <r(a(5) < (3a(Q). We say that Q is //-a-doubling 
if a = 2 and /3 is some fixed constant big enough (which perhaps is not 
specified explicitly). Next lemma deals with the existence of this kind of 
cubes. 

Lemma 7.2. Suppose that the operators Sk are bounded on Li r {a) uniformly 
on k for some r with 1 < r < oo and that the constant A is big enough. 
Then there exists some constant (3 > such that for any x £ supp(/x) and 
all cubes Q,R centered at x with 5(Q,R) > A/2, there exists some fi-cr- 
(100, (3) -doubling cube P centered at x, with Q C P C R. 

Proof. The constant (3 will be chosen below. For the moment, let us say that 
(3 > 100 d+1 . Let N be the least integer such that R C lOO^Q. For each 
j > 0, we denote Rj = 100 _J R. We have 5(R No ,R) > A/2 - 100C > Aj '4. 
We will show that some cube Rj, with j = 0, . . . iVo, is doubling with respect 
to /j, and a. 

Suppose that all the cubes Rj, j = 0,...Nq, are either non (100, (3)- 
/i-doubling, or non (100, /3 r )-cr-doubling (for simplicity, we will show the 
existence of a cube P which is (100, /3 r )-<r-doubling, instead of (100, (3)-a- 
doubling). For each j = 0, . . . ,Nq, let aj be the number of non (100, f3)-/i- 
doubling cubes of the form 100~ k R, k = 0, . . . ,j and let bj the number of 
non (100, /3 r )-a"-doubling cubes of the form W0~ k R, k = 0, . . . , j. From our 
assumption we deduce 

(7.2) aj + bj > j + 1. 

We have fj,(Rj) < (3~ a ^(R). Thus, 

1 ' ' £(Rj) n ~ W0-i n £(R) n ~ (3 a 3 ' 

Let R so be the biggest non (100, /3 r )-cr-doubling cube of the form W0~ k R, 
k = 0, . . . , No. Then, for j > so, we have 

<j(Rj) < (3- rbj o-(W0R So ) < i/?- r ^(j(100i? So \R SQ ), 
if (3 is big enough. 

Let /iGZbe such that Q £ AVh- We denote 5 = X^=-3 Sfi+i- the 
properties of the kernels Sk(x, y), it is easily seen that, for x G 100i? so \ R so 
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and j = s , s + 1, . . . ,N , we have S(xr,)(x) > C' 1 n(Rj)/£(R) n . Then, 
using the boundedness of S in L r (w), we obtain 

Ca(R 3 )> [ \S{ XRj )\ r cTdn > (7-^(100^ \^o)^^ 

7l00i? S() \R so W r 

> r- 1 ^ r ) 

if i > so- Thus, 

(7 .4) ^~<C l -T 

By (|7i2D , max(a j , by) > (j + l)/2. Then, from (f7]| and Q, we get 



£(Rj) n ~ (3U+ 1 )/ 2 ' 
Therefore, 



5(R No ,R) <^C 

3=0 



100 n V +1 c 

< 



01/2 J - 01/2 ' 



if (5 1 ' 2 > 2-100 n . Thus 5(R No ,R) < A/4 if (3 is big enough, which is a 
contradiction. □ 

Let us remark that if in the above lemma we also assume that the oper- 
ators Sk are bounded uniformly on k on L s (w) for some s with 1 < s < oo, 
then it is possible to show the existence of cubes which are /z-doubling, 
cr-doubling and u;-doubling simultaneously, by a little modification of the 
proof. 

Notice also that if j \Sk(o~XQ)\ p w dfi < C cr(Q) for k G Z and all the cubes 
Q C W 1 , then N is of weak type (p',p') with respect to a and bounded on 
L r (o~) for p' < r < oo. Thus the assumptions of the preceding lemma are 
satisfied. 

Lemma 7.3. Suppose that the operators Sk are bounded on L r {a) uniformly 
on k for some r with 1 < r < oo and that the constant A is big enough. 
Then there exists some constant rj with < r\ < 1 such that, for all x € W 1 
and k € Z, o-(Q X;k ) < w(Qx,k-i)- 

Proof. We denote S = Tn=-2 S h+i- Then, we have SixQ^^Q^Jiv) > 
C14, for all y € Q x ,ki with C14 > 0. Therefore, 

<r(Qx,k) < C u j \ S (XQx,k-i\Qx >k )\ r vdf* - C l5^(Qx,k-i\Qx,k)- 

Thus, <r(Q Xt k-i) > (1 + Cii 1 ) v(Qx,k)- We only have to set n = (1 + C 15 1 )" 1 . 

□ 

We will use the following version of Wiener's Covering Lemma. 
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Lemma 7.4. Let icl' i be some bounded set such that there exists some 
family of cubes {Qi}i£i which covers A. That is, A C \J ieI Qi- Then there 
exists some finite or countable subfamily {Qj}j, j € J C I , such that 

(1) Ac|J ie j20Q 3 -, 

(2) 2Q j H2Q k = ifj,keJ. 

(3) IfjeJ,k<£ J, and 2Qj n 2Q k / 0, then £(Q k ) < 10£(Qj). 

The main novelty with respect to the usual Wiener's Lemma is the asser- 
tion (3). Although the lemma follows by standard arguments, for the sake 
of completeness we will show the detailed proof. 

Proof. We will construct inductively the set J = {j% , ji , . . . } . Let £\ = 
supj g j l{Qi). If = oo, the lemma is straightforward. Otherwise, we take 
Qj 1 such that £(Qj 1 ) > d\/2. Assume that Qj 1 , . . . , Qj m _ 1 have been chosen. 
We set 

£ m = m V {£(Qi) : 4Qi t U™ i* 20 ^}, 

and we choose Q jm such that £(Q m ) > £ m /2 and AQ jm £ [j^ 1 20Q js . 

By construction, A C Um=i 20< 2jm> and also t(Qj m ) ^ ^Qjs)/ 2 for s > 
m. We have 2Qj m n 2Qj g = for each s = 1, . . . , m — 1, because otherwise 
2Q jm C 10Q js , and then 4Q jm C 20Q is . 

Finally we show that the third property holds. Suppose that k J and 
2Q jm n 2Q k ^ 0. If f(Q fc ) > 10£(Q iro ), it is easily seen that 4Q jm C 
4:Q k . Because of the definition of Qj m , we must have AQ k C ^0Qj s 
(otherwise £ m > £(Q k ) > W£(Qj m ), which is not possible). However the last 
inclusions imply ^Qj m C Us^i 20Qj s , which is a contradiction. □ 

8. BOUNDEDNESS OF N OVER FUNCTIONS OF TYPE (J\Q ON L p {w) 
The main result of this section is the following lemma. 
Lemma 8.1. // 

' \S k (a X Q)\ p njdfi<Ca(Q) 
for all cubes Q C M d uniformly on k E Z, then 

\N{a XQ )\ p wd^<Ca{%Q) 



for all cubes Q C 



In a sense, Lemma 8.1 acts as a substitute of the usual reverse Holder 
inequality for the classical A p weights. Its proof will follow by a self im- 
provement argument in the same spirit as the proof of the reverse Holder 
inequality for the A p weights. 

Given JiGZ and / € Lj oc (/j,), we denote 

N h f(x) = sup S k \f\(x). 

k>h 
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The next technical result concentrates the main steps of the proof of 



Lemma 3.1 



Lemma 8.2. Let S = supg o~(UjQ) 1 f \N(<jxq)\ p w d\i, where the supre- 
mum is taken over all cubes Q C M. d . Assume that 



I 



\S k (axQ)\ p wdn<Ca(Q) 



for all cubes Q C M. d uniformly on k G Z. Then, for all e > 0, there exists 
some constant C £ such that for any \i-a -(2, /3)- doubling cube Q G AT>h, 

\N h (a XQ )\ p wd f ,<(C £ + eS)a(Q). 



Q 

Proof. The construction. Let Qo be some fixed /U-u-doubling cube, with 
Qo £ AT>h-i- We also denote Ao := mQ a. We will show that (|8.1|) holds for 
Qo- To this end, by an inductive argument, for each k > 1 we will construct 
a sequence of //-cr-doubling cubes {Qf}i- 

First we will show how the cubes {Qj} are obtained. Let 

(8.2) Q = {N h+20 a{x) > KX }, 

where K is some big positive constant which will be fixed below. By Lemma 
2.1C, this set is open. We consider some Whitney decomposition Q$ = [j i Rj, 



where the cubes Rj are dyadic cubes with disjoint interiors. 

Let us check that Qo\Qq ^ 0. If Qo C Qo, then for all x G Qo H supp(/i) 
there exists some cube Q x centered at x, with Q x G .A'D+oo.M-ig with 
m Qx a > C K Xq (where C > is some fixed constant). Since Q x G 
AT> +00t h+i9, we have i(Q x ) < £(Qo)/W- By Besicovitch's Covering The- 
orem, there exists some covering Qo C [L Q Xi with finite overlap. Using 
that Qo is er-doubling, we obtain 

f adfiyC 1 - 1 [ o-dn > C~ l Y] [ a d^ 
JQo JiQo ■ JQxf 

i 

Therefore, mQ a > C _1 K Ao, which is a contradiction if K is big enough. 

Since Qo \ ^o 7^ i by the properties of the Whitney covering, we have 
((Rj) < C W £(Q ) for any Whitney cube R) such that R) n Q + 0. 
Moreover, subdividing the Whitney cubes if necessary, we may assume that 
Ci 6 <l/10. 

Let g] G Z be such that R] G AV g i. Observe that if Rj n Q / 0, then 
-Rj C |Qo, and so <?j > h — 2. For x G R j n supp(^), we consider some 
/i-<T-(100, /?)-doubling cube Q x G AD g i +16 , with (3 given by Lemma 7.2 . 



Now we take a Besicovitch's covering of Qo H f^o with this type of cubes: 
Qo n Q$ C Uie/i Qh an d we define A\ := (Jie/i Qj- Notice that, for each 
i, WQj C |Qo, because all the Whitney cubes intersecting Qo have side 
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length < £(Qo)/10. In particular, we have A\ C |(5o- For each i G I\, let 
h\ G Z be such that Q\ G AT> h i. If Ql is centered at some point in then 
hj = gj + 16 > h + 14. This finishes the step A; = 1 of the construction. 

Suppose now that the cubes {Qf}ie4 (which are /i-<7-(100, /3)-doubling, 
with lOQJi, C |Q(b and have finite overlap) have already been constructed. 
Let us see how the cubes {Q\ +1 }i£i k+1 are obtained. For each fixed cube 
Q\ we repeat the arguments applied to Q$. We denote Af = rngkcr and 
let h\ G Z be such that Q\ G AV h h. We consider the open set Vi\ = 

|iV' l i :+20 a"(x) > KX 1 ?}, and a decomposition of it into Whitney dyadic cubes 
with disjoint interiors: Vi\ = (J. Arguing as in the case of Qo, we 

deduce Q\ \ Of + 0, and if R) n Qf + 0, then £(!?*) < /10. Given 

G Z such that it^+i G „4D g fc+i, for x G we consider some ft-a- 

(100, /3)-doubling cube QJ+ 1 G AD gfc+ i +16 . 

It may happen that the union {J ie j k (^i HQf) is not pairwise disjoint, and 
so for a fixed x G Uigi",.^? ^ Qi) there are several indices i such that Qf^ 1 
is defined. In any case, for each x G Uj(^f n Qi) we choose := J 1 

with i so that a; G Of H Qf (no matter which i). Now we take a Besicovitch 
covering of |Ji(Of nQf ) with cubes of the type Q^ +1 . So we have {j ieIk (^i^ 
Qi) c Uie/ Q? +1 ) an d the cubes Q^ +1 have bounded overlap. Moreover, 
for each j G there exists some i such that 10Q^ +l C |Qf C §Qo- We 
define A^+i := Uje/ fc+1 Qj +1 ' an< ^ we denote by h^ +1 the integer such that 

The first step to estimate Jq \N h a\ p w d/j,. We want to show that 
given any e > 0, if K is big enough, we have 



(8.3) 



r. OO 

/ iN^axQoWwdfiKiCe + eS)^^). 



We will prove this estimate inductively. First we deal with the case k = 0. 
We have 

I \N h (a XQo \ p wdv < [ \Sk(cT XQo )\ p wd^+ [ \N h+20 a\ p wdfi 
JQo J Qo J Qo 

(8.4) < Ca{Q ) + f \N h+20 a\ p wdfi. 

JQo 

Given some small constant e > 0, let Bq = {x G Qo ■ Sh + 3a(x) < e\o}. 
Let us see that ct(Bq) is small. By Lemma 2.12) , for all x G Bq there exists 



some /U-doubling cube P x G AV +oc ^+2 centered at x such that rri2p x a < 
Ce\q. We consider a Besicovitch's covering of B with this type of cubes. 
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That is, B C U< Pxi, with £\ Xp, 8 < C. We have 

j i i 

< CeX fi(2Q ) < CeXoKQo) = Cea(Q ). 
In particular, we deduce a (Bo) < Cea(Qo). Then we obtain 

I \N h+20 a\ p wdfi < V ( \N h+20 a\ p wd^ 
Jb - JP Xi 

= E / i^ +2 Vxs p )r^ 

(8.5) < sJ^^P-i) < Sj2^ 2P -i) < CeSa(Q ). 

i i 

Now we have to estimate Jq q \ Bo \N h+20 a\ p w dfi. Given x 6 i?j C Oq, 

let cc' 6 9f2o be such that \x — x'\ = dist(x,R d \ Q). From Lemma 7.1, the 
following maximum principle follows: 

(8.6) N h+25 (a XRdX2R] )(x) < C 17 N h+20 a(x') < C 17 KX , 

where C\ 7 > 1 is some fixed constant depending on Co, re, d. Let us see that 
if N h+25 a(x) > 2C 17 KX , then 

(8.7) N h+25 a(x) < max(2 max S t (a X2R i)(x), N 9 t +5 (a X2R i)(x) 



Indeed, we have 



N h+25 a(x) < maxf max S t a(x), N 9 i +5 a(x)), 

\h+25<t<gj+4 / 

(with equality if /i + 25 < gj + 5). If TV^ 25 ^) < N 9 ^ +5 a(x), then 

follows from the fact that iV^ +5 cr(x) = N 9 ^ +5 (a X2R i)(x). If iV h+25 cj(x) = 

St (?(x) for some to with /i + 25 < to < <?] + 4, then St cr(x) > 2C\ 7 KXq, 
and so 

s to( ff XMip( a ^ ^to^O*) - iV ' l+25 ( cr XK'i\2i?))( a; ) > ^S to a(x), 



by (|OD . Thus, 

iV h+25 (7(x) < 2S t0 (a X2R i)(x) < 2 max StC^rf)^)- 

J M-25<t<ff]+4 J 

Moreover, it is easily checked that, for t < g] — 2 (and x G Pj)i we have 
St(&X 2 R 1 )( x ) — S g i_ 2 (a X2R i)(x). Therefore, (|8.7j ) holds in any case. 
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We denote D := {x G Q : N h+25 a(x) > 2C 17 KX }. Notice that 
D C Q n Q C Ai. We have 

h+24 



/ liV^V^wdM < J2 f \S t (T\ p wdfi+ [ \N h+25 a\ p wdfi 

jQo\B t=h+2Q JQo\Ba JQo\B 

< Ca(Q )+ ( \N h+25 a\ p wdfi, 
jQo\B 

where we have used that S t cr(x) = S t ((JX2Q Q )( x ) if i = 21, . . . , 24 and x E 
Qq. Now we write 



\N h+25 a\ p wdfi= + =:/ + //. 

Qo\B Jqo\(B UD ) Jd \B 

First we will estimate /. For x £ Qq \ (Bq U Dq), we have 
N h+25 a(x) < CKX < CKe- 1 S h+3 a(x). 

Therefore, 

I = f \N h+25 a\ p wdfi < CK p e- p [ \S h+3 a\ p wdfi 

JQo\(B UDo) JQo 

< CK p e' p a(2Q ) < CK p e- p a(Q ), 

where we have used that Sh+3&(%) = 5 , /i+3(c r X2Q )( x )- 

It remains to estimate II. Given x G R j n (Dq \ Bq), by ( |8.7|) we have 

N h+25 a(x) < max(2 max S t (<7X 2fl i)0*0, A^ +4 Vx 2i? i)(x) 
Then we get 



9j-2<t<3j+39 



I \N h+25 a\P W dti < C V / |^(ax 2fi i)| p ^^ 

n(D \B ) t x_ 2 ^ 

Jr)c\{d \b ) 

< Ca(2R}) + [ \N a ^ +m a\ p wd^. 
J R)r\(D \B ) 

Given k > 1, for x G ^4^, we denote ijj? := max{/i^ : i £ 4, i £ Qf}- It is 
easily seen that if x £ i?j H A\, then i^J: + 20 < gj + 40. Then, summing 
over all the cubes i?j C Qq such that Rj P\Qq 0, due to the finite overlap 
of the cubes 2R 1 -, we obtain 

(8.8) I \N h+25 a\ p wdfi<Ca(2Q )+ [ \N H * +20 a(x)\ p w(x) dfi(x). 
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So we have shown that 
(8.9) 

/ \N h (a X Q )\ p wd f i<(C 18 + C ig eS)a(Qo)+ [ \N H *+ X <r\» w dfi, 
JQo JAi 

with Ci8, but not C19, depending on K and e. 

The k-th step to estimate J" |7V\r| p 'u;d/4. Now we will show that 
for any k > 1, 

(8.10) 

/ I iV^+ 2 V| p «; d M < (C[ 8 + C^eS) a(A fc ) + f \N H * +1+20 a\P w dfi, 
J A k JA k+1 

with C[ 8 , but not C{ 9 , depending on .K" and e. The arguments to prove 
( |8.10| ) are similar to the ones we have used to obtain ( |8.9|) , although a little 
more involved because the cubes {Qf }i^i k are non pairwise disjoint. 

For each i G If. we define B* = {x G : S^* , 3 <r(a;) < eA^}. Arguing as 
in ( ^q) , we deduce 

I \N h * +2Q a\ p wdiJL<CeS<j{Q k i ). 

JB k 

We denote B k = Uie/ fe Using the definition of H%, we obtain 

\N H " +20 a(x)\ p w(x)dfit{x) < V f \N H " +20 a(x)\ p w(x)dfi(x) 

K % % 



< / \N h " +20 a\ p wdn 
J B } 

< Ce5^cj(Q.f) < CeSa{A k ). 



To estimate J Ak \ Bk \N Hx+20 a\ p w dfj,, we need to introduce some addi- 
tional notation. Assume I k = {1, 2, 3, . . . }. We denote I^^t '■= {i £ Ik '■ Qi £ 
AD t }. We set 

Q*--=Q*\( U <# u U <#)■ 

iei k<t ,t>h>[ lei kh k,l<i 

It is easily checked that the sets Q^, i G are pairwise disjoint, that 
Uig/ fc Qf = UiG/ fc = ^fc, and moreover that if x G Q 4 fc , then fl* = h\. 
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We have 

f \N H * +20 a\ p wd» = V / \N h i +20 a\Pwdfi 

JA k \B k ieh JQ!?\B k 

< E L |5 t <7| p «;dM + J] / |iV fc ? +25 <7| p «;d/i 
is/* i=/»* +20 ^?\ B * ieIk JQ k i\B k 

< C^a(2Qf) + / ITV^VpW/x 

(8.11) < Ccj(A fc )+ / |^ +2 V| p u;d/z. 

Now we set D\ = {x £ Qf : N h i +25 a > 2C 17 K\f}, and D k = U ie/fc Df. 
For x G Q\ \ (Df l>B k ),we have 

N H * +25 a(x) < N h > +25 a(x) < CKe' 1 S hk+3 a(x). 

Therefore, operating as in the case k = 0, we get 

\N H * a(x)\ p w(x) dn(x) < CK p e~ p oiQ*). 
Summing over i G I k , we obtain 

(8.12) / \N x cr(x)\ p w(x) dfi(x) <CK p e p o(A k ). 

JA k \(B k UD k ) 

Finally we deal with f D \ B \N H *a(x)\ p w(x) d/i(x). Let {R^ +1 } jeJk+1 
be the collection of all the Whitney cubes (originated from all the sets 
i G Ik) such that if Rj +1 comes from then R*j +1 D Q\ / 0. Assume 
J fe+ i = {1, 2, 3, . . . }. We denote J k+U := {j G J fc+ i : G .APJ. We set 

^ +1 :=14 +1 \( U I^ +1U U 

ieJk+i,t,*>ff* +1 ' eJ fc+ i, 9j fc +i' Z< J 

The sets Rj +1 , j G Jfe+i, are pairwise disjoint and 

u u ^r 1 ^^- 

j^Jk+i jeJfc + i 

Moreover, it easily seen that if x G then gj +1 + 16 > H% +1 , and so 

N 9 i +25 a(x) < N H * +1 a{x). If R^ +1 is originated by fi*, arguing as in the 
case k = 0, we deduce 



A^+ 25 a(x) < AA K+2 V(x) 

< max I 2 max 

V g- +1 -2<t<g^ +1 +39 
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Therefore, 

f \N H * +25 a(x)\ p w(x)dn(x) = V / 
JD k \B k JR^n(D k \B k ) 



3, fc+1 +39 



< J2 \S t (ax 2R k+i)\ p w dfi 



+ V / \N H " +1+20 a(x)\ p w(x)dfi{x) 
jeJ k+1 JR* +1 n(D k \B k ) 

(8.13) < C <?{2R) +1 )+ [ \N H " +1+20 a(x)\ p w(x)dfi{x). 

In the following estimates the notation R k+1 ~ Q\ means that R^ +1 is a 
Whitney cube of fif: 

£ a(2i?f 1 ) = £ £ a(2i^) 

ieJ fc+ i ie4 jeJ fc+ i:ii* +1 ~Q t * 

(8.14) < C^(r(^n2Qf) < C^a(Qf) < Ca(^). 

By (|l|)Jp|), (gig) and (f3|, (jsTlOb follows. 
From (|8.9| ) and (|S.10D , we get 

„ oo 

/ N(a XQo )\ p wdn < (C + CeS)J2<r(A k ) 

(8.15) +limsup / \N H * +20 a(x)\ p w{x) d/j,(x). 

fc^oo J Au 



This is the same as Q8.3| ), except for the last term on right hand side. How- 
ever, we will see below that this term equals 0. 

The estimate of a{A k ). We are going to prove that 

oo 

(8.16) ^2<r(A k )<Ca(Q ). 

We denote A k = Uie4 ^Qi- ^ * s eas ily seen that A k+ i C A k for all k (this 
is the main advantage of A k over AjA. We will show that there exists some 
positive constant tq < 1 such that 

(8.17) a(A k+2 ) <r a(A k ) 

for all k. This implies Q3.16|) , because Aq,A\ C 2Qq and Qq is a-doubling. 

For a fixed k > 1, by the covering Lemma 7^, there exists some subfamily 
{2Q^} jeI o C {2Q t * } ieh such that 
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(1) I fc cU i6/ o40Q^. 

(2) 4Qjn4Qf =0ifj,l ell 

(3) If j G /£, Z l£, and 4Q^ fc n 4Qf + 0, then *(Qj) < W£{Q k ). 
First, we will see that 

(8.18) a(2Q k n i fe+2 ) < n <r(2Qj) if j G /°, 



for some fixed constant < n < 1. By Lemma [L3| it is enough to show that, 
for each x G D supp(/x), there exists some cube P G AT> h k +4 centered 



at x such that //(.Afc + 2 H P) < 5o fJ,(P), with 5q sufficiently small. 

Let 2Q k s +l some cube which forms A k+ i such that 2Q k s +1 n 7^ 0. 
By our construction, there exists some cube Q k such that WQ k+1 C ^Q k , 
so that comes from f2*. Because of the property (3) of the covering, 

we have £(Q k ) < !0£{Q k ). Therefore, 2Q k G AV +ooh k_ 3 , which implies 

Q k+1 G ^ +00 ,^ +7 and 2QJ+ 1 G ^ +00>/l | +6 . 

Let P G AV h k +4 be some /U-doubling cube whose center is in ^Q k (which 
implies P C 2Q k ). Let Sp be the set of indices s such that 2Q k+1 nP/0. 
We have £(Q k+1 ) <C ^(P) for s G 5 P , because 2Q^ +1 G AD +0Oift /b +6 (since 
2 Qs +1 n 2Q k / 0). Thus, 2Q^ +1 C 2P. From our construction, we deduce 

/i(l fc+2 n p) < M ( (J (^ +1 n 2Q s fc+1 )) < J] M^ fe+1 n 2Q k+1 ). 

seSp s&Sp 

Since iV^ +X+20 o-(a;) = N h ^ +1+20 (ax 3Q k+i){x) for a; G Q k+1 , by the weak 

(1, 1) boundedness of N hs+ +20 , and by the cr-doubling property of Q k+1 , 
we obtain 

n 2Q k ^) < Ca ^tT ] < § KQ k s +1 )- 

Thus, by the finite overlap of the cubes Q k+1 and the fact that P is fi- 
doubling, 

MA k+2 nP)<^Yl ^ § ^( 2p ) ^ § ^( p ) = : « p )- 

seSp 

Since we may choose K as big as we want, 5q can be taken arbitrarily small, 
and flgiq ) holds. 

Let us see that (|8.17[ ) follows from Q.ISQ . We denote A k0 = [j , j0 2Q^. 
Since the cubes 2Q|, j G are disjoint, ( p. 18 ) implies cr(^4fc,o H < 
T"i (7(^4.^0). By the property (1) of the covering and the fact that Q k is 
(100, /3)-<r-doubling, we have 
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Then, 

a{A k \ A k+2 ) > a(A kfi \ A k+2 ) > (1 - n) a(A kfi ) > (1 - n) C^ 1 a(l fe ). 
Therefore, 

a(A k n 2 fc+2 ) < (1 - (1 - n) C^ 1 ) <7(A fc ) =: r <r(A fc ). 



The end of the proof. We only need to prove the lemma for S < +oo. 
For each k > 1 we have 

f \N H * +20 a{x)\ p w{x)dn(x) < J2 f \N h " +20 a{x)\ p w{x)dfi(x) 
JA k ieh J Q>> 



< C5j>(Q?) < CSa(A k ) 



From ( |8.16 ) it follows that cr(A k ) — > as k — > oo, and then the integral on 
the left hand side above tends to as k — > +oo. Now the lemma follows 
from and (|8T6|) . □ 



Proof of Lemma |8.l| . Let Q be some cube with Q G AT>h and xq G Q n 
supp(/i). We write 



\N(a XQ )\ p wdfi= 1^ + + / =:I + II + III. 

First we will estimate the integral /. For each x G f^Q n supp(yu), let P x 
be some //-<r-(4, /3)-doubling cube with G .4X^+10- Notice that for each 
y G P x and A; > 15, we have supp(s&(y, ■)) C 2P X . Thus by Lemma 3J2, if 
we denote Cs '■= C £ + eS, we get 

f \N h+15 a\ p wd^ = f \N h+15 (ax2P x )\ p wd f ,<Csa(2P x )<CC s a(P x ). 
j p x j p x 

By Besicovitch's Covering Theorem, there exists some subfamily of cubes 
{P Xi }i C {P x }x which covers n supp(/i) with finite overlap. Since 
£(P Xi ) <C £(Q), we have P Xi C Then we obtain 

j \N h+15 a\ p wdfi < [ \N h+15 a\ p wdfi 

< CC s J2°(Pxi) < CCsa(^Q). 
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It is easily seen that, for all y e %Q, N(<txq)(v) < C N h - 2 (axQ){y). 
Therefore, 



I < C I \N h -\a XQ )\ p wdv 

< C I V S k (x Q a)\ p wdfi+ \N h + 15 a\Pwdfi 



20<3 fc=/l-2 

< C(l + C s )a{%Q). 
Now we turn our attention to the integral II. For x € Q X0 ,h-4 \ %Qi 

N(a XQ )(y) < ^% <C S k {a X Q){y). 

lV X ° l k=h-6 

Thus, 

„ h+3 

II < \ Y, S k (a XQ )\ p wd^<Ca(Q). 

J k=h-6 

Finally we deal with For k < h — 4 and y £ Q xo ,k-i \ Qx ,k, we have 
Thus, 

/ |7V(a Xo )pw M < fn iQ) \ P [\ £ ^(a X Q. , fc+1 )^^ 

jQx ,k\Qo: ,k-i <7(yxo,k+ir j l j=k _ 2 

Ca(Qf 



< 



<?(Qx ,k+i 



\p-i ' 



From Lemma 7\3, we deduce <t(Q) < a(Q XOi h-i) < rj k 2 a(Q XOik+ i) for 
some fixed constant r\ with < r\ < 1. Therefore, 

/»-4 ~ 

in = £ / liv^xQ)!^^ 

h-4 

< Ca{Q) ^ p -^ h - k -^ < Ca{Q). 

k=—oo 

So we have 

1 |JV(<rXQ)l p w ^ < C(l + C s ) <r(±±Q) = C 21 (1 + C £ + eS) cx(±±Q). 

Choosing £ < l/(2C2i) and taking the supremum over all the cubes Q, we 
get 5 < C al (l + C e ) + 15. Thus 5 < 2C 2 i(l + C £ ) if 5 < +oo. 

One way to avoid the assumption S < +oo would be to work with "trun- 
cated" operators of type N h,l f := sup h<k< i S k \f\ in Lemma 3.2, instead of 
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N h ; and also to consider a truncated version of S in flS.ip , etc. The technical 
details are left for the reader. □ 

9. BOUNDEDNESS OF N ON W(w) 



The implication (e) => (c) of Lemma follows from Lemma 8T and the 
following result. 

Lemma 9.1. If for any k G Z and any cube Q, 

(9.1) J N(a X Q) p wdf,<Ca(^Q) 
and 

(9.2) J S k (w XQ ) p ' ad»<Cw(Q), 

with C independent of k and Q, then N is bounded on L p {w). 

The proof of this lemma is inspired by the techniques used by Sawyer 
[ 5aw2|| to obtain two weight norm inequalities for fractional integrals. In 



our case, we have to overcome new difficulties which are mainly due to the 
fact that the operator ./V is not linear and it is very far from being a self 
adjoint operator, because it is a centered maximal operator. 

Proof. We will show that for some > 0, the operator T := N + Mr 
is bounded on L p (w). Without loss of generality we take / G Lj oc (/i) non 
negative. Given some constant a > 1 close to 1, for each k G Z, we denote 

n k = {x : Tf(x) > a k }. 

The precise value of a and j3 will be fixed below. As in Lemma |6.l| , we 
consider the Whitney decomposition = {J^Q^, where Q\ are dyadic 
cubes with disjoint interiors (the Whitney cubes). 

Take some cube Q\ C fife and x G Qf fl Suppose that m and f3 



are chosen in Lemma 6T so that the maximum principle (6T) holds with 



e = a — 1. Then, we have 
(9.3) r(/x H d Wm(Qfc) )(x)<(l + E)« 



and so 



fc+2 ^fc+1 _ ° 1 „k+2 



(9.4) T (/Xc/ m (Q^))(^) >or'--or- = —^-a 

Let /i G Z be such that G ^4X» fo . If for all j with h- M < j < h + M 
(where M is some positive big integer which will be chosen later) we have 

S iUx Um{ Qk)){x) < 5a k , 

where S > is another constant which we will choose below, then we write 
x G -Bfc (i.e. x is a "bad point"). 
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Notice that B k C $\+2 C fifc. We will see that the set of bad points is 
quite small. Indeed, we will prove that 

(9.5) w ({J B j) <vw(n k ), 

where < rj < 1 is some constant which depends on r (from the 
property), n, d, but not on (3, m, a, M. We defer the proof of fl9.5|) , which 
is one of the key points of our argument, until Lemma |9.2| below. 
Let us denote A k = [jj >k Bj. Now we have 



\Tf\ p wdn = / pX^w^dX 
Jo 

< p (« fe+1 - « fc ) a (fc+1)(p_1) w(n k ) 

k&L 

(9.6) = poP" 1 (a -l)J^a*P X^fc^ + wCnjfcnAfc-a)]. 

k&L 



From ( |9.5| ) we get 
(9.7) 

p a?- 1 (a - 1) akP w ( n k n A k ^ 2 ) < VP aP- 1 (a - 1) ^ a fcp u^k-iO 



From calculations similar to the ones in fl9,6| ), it follows 

/ |T/| P w > p (a - 1) a~ 3p ^ a kp w(n k „ 2 ). 

J k€Z 

If we take a such that ry 1 / 2 a 4p_1 = 1, then the right hand side of ( |9,7l ) is 
bounded above by i] 1 / 2 J \Tf\ p wdfj,, and so 

I \Tf\ p wdn < (1 - r^-i ^ kp w{Q k \ A k _ 2 ). 

Summing by parts we get 

f\Tf\ p wdfi < C^a kp w(n k+2 \A k ) 

J k&L 

= C^a kp [w(n k+2 \ A k ) - w(n k+3 \ A k+1 )] . 
fcez 

Observe that if we assume J \Tf\ p wdfj, < oo, then 

w(n k+2 \ A k ) < oo and ^ a kp w(n k+3 \ A k+l ) < oo, 

k&L fcez 
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which implies that our summation by parts is right. Since A k+ i C A k , we 
have w(Q k+3 \ A k+1 ) > w(n k+3 \ A k ). Thus, 

(9.8) f\Tf\Pwd^<C^2 « fcp ™(^ k+2 \ tt k+3 ) \ A k ). 

J k&L 

We define E\ = Q k n(^l k+ 2\^k+3)\A k for all (k,i). To simplify notation, 
we also set Uf = U m (Q k ). Given h G Z such that € .AX^, we consider 
the operator 

S(k,i) = Sh-M + Sh-M+l H + Sh+M- 

bince we obtain 

w(E*) < 8- x a- k [ S {k!i) ( Xu Kf)wdfi 
Je* 

= 8~ l a7 k / / S {k ^{x E k w) dfj. 



^a-M / +/ =«5- 1 a- fc (^+rf). 

V Ju?\n h+3 Jufnn k+3 J 



From Q9.8Q we get 




E + E + E | 

K (k,i)eE (k,i)eF {k,i)eGj 
(9.9) = C (I + 11 + III), 



where 



{(M):M^)<MQ?)}, 
F = {(fc,i): >0u;(Q*) and > rf } , 

G = {(fc,i): ^)>0w(Qi)and^ < rf } , 

and where # is some constant with < < 1 which will be chosen later. 
The term I is easy to estimate: 

(k,i)eE k,i 

< e^2a kp w{Tf>a k } <C6 I \Tf\ p wd^. 
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Let us consider the term II now. By Holder's inequality and ( |9.2D , we 
obtain 



ii = y. <s°<°v$) £ E (-77W) 



It is easy to check that the family of sets {Uf}i has bounded overlap, with 
some constant which depends on m. This fact implies 



k.i 



Therefore, II <C J f p w dp. 

Finally we have to deal with the term III. Notice that, since Ef C 
M. d \ ilfe + 3, for y by Lemma 7A we have 



i+5 



(9.10) sup Sf(x,y)<C inf N s r (x,y) 



for all t G Z. We set i7* = {j : Qj+ 3 n Uj° ^ 0}. By CpTTOj) , for j G fl* we 
have 



h+M+5 

sup %i)(wX£')W < C inf , V St{wx E k){x). 
We set = S^=ft^M-5 ^t) an d then we obtain 



f <S(k,i)(w XE k ) d V 

u?nn k+3 



< CV inf i) (w Xe¥ )( x ) / u ,„f dp 
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We denote T k = J Qk f dfi/a(2Q k ) and L k = {s : Q k DU k + 0}. Then we 
have 



(9.11) 



< 



< 




fc+3 



k+3 



E 




fc+3 



S(k,i){wX E f) <7d l J ' T i 



k+3 



We will show that 



(9.12) 



E 



(Jfe,i) G G 
k > N 
k = Mo mod 3 



w dfi, 



for any iVo and Mq, which implies (c). For the rest of the proof we follow 
the convention that all indices (fc, i) are restricted to k > Nq and k = Mq 
mod 3. 

Now we will introduce "principal" cubes as in [Saw2, p. 540] or [MW, 
p. 804]. Let Go be the set of indices (k, i) such that Q k is maximal. Assuming 
G n already defined, G n+ \ consists of those (k, i) for which there is (t, u) G G n 
with Q\ C Q l u and 

(a) T k > 2Tl 

(b) T^<2TiiiQ k CQlcQi. 

We denote T = |J^L ^ni an d for each (k, i), we define P(Q k ) as the smallest 
cube Q l u containing Q k with (t, u) G I\ Then we have 

(a) P(Q k ) = Qi implies T k < 2T*. 

(b) Q\ C Q£ and (A;, i), (t, u) G T implies 2* > 2T*. 

By and the fact that #L k < C, we get 

E a fe M^)< e / 2r: 

(fc,i)eG (fc,i)eG 



P ^e4|^) p 



< 



C EE 



E 



• j : (k + 3,j)£T 

Qj +3 C Q5 
P(Qj+3) = P(Q*) 




fe+3 



S(k,i){wXE k ) <jd V T j 



k+3 



W 



(QiY 



E 



■jGHf: (fc+3,j)er 




S( k) i){wXE k ) ad l J ' T j 
fc+3 v J i I 



+ ^E 

k,i 

= IV + v. 

Let us estimate the term TV first. Notice that if (k + 3,j) G" T, then 
>J+ 3 P(Q k+s ). As a consequence, £(Q* +3 ) < £(P(Q k+3 ))/2, and 2Q^ +3 C 
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|i- , (<5j +3 ). Taking into account this fact, the finite overlap of the cubes Qj 
(for a fixed k), and ( |9.1| ), for any (t, u) G T we get 



fc+3 



£ £ 

M sei| ; :P(Qj)=Q 



E 



3 : (k + 3,j) 

P(Q* +3 ) = 0* 



S{k,i){ w XE*) ad l J > T j +3 



< C H E ^ 



w(Qf 



-o* 

3 Wu 



< cirifY, E w W 



< C(Tif J M*(N(a XQi )) p wdv 

< C{Tif J N(a XlQi rwdf, < C(T$Y*(2Qt). 



Thus, 
(9.13) 



iv<c °VQi)vtr- 

(t,u)er 



Let us estimate the term V . By Holder's inequality and (|9.2|), for a fixed 

(k,i), 



w(Qf)P 



£ 



< 



■jeH?:(k+3,j)er 



2Q 



fc+3 



f>(k,i)( w XE*) ad P 



p/p' 



< 



Ljefff:(fc+3,j)er 



E 



2Q k + 3 



p/p' 



Y ^(2Q - +3 ) (Tf +3 ) p 
< C Y a(2Q k j +3 )(T^ +3 ) p . 

j€H*: (fc+3,j)Gr 
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Summing over (k,i), since any cube Q^ +3 occurs at most C times in the 
resulting sum, we get 

(9.14) V<C a ( 2 Q t u)( T u) P - 

{t,u)er 

Notice that for each (t, u) we can write 

a{2Qi){Tif = aiQi^Tiy- 1 ^— [ fa^adf* 
=: aiQi^Tif-'m^ifcJ- 1 ). 

We have obtained 

IV + V < C ^QDiTlY^m^ifa- 1 ) 
(t,u)er 

= C /( E {Tt) p - l rn^ Qi (fa- l ) XQ ^x)\od^x). 

Notice that for any fixed x we have 

E (^rVQl(/OxQ«>) < C sup (Tif- 1 M d a {fo~ l ){x) 
(t,u)er (t,u)er-.xeQi 

< CM^fa-^xf. 

Therefore, 

IV + V<C j M*(fa- l ) p adfi<C J(fa- 1 ) p adfi = C Jf p wd^, 
which yields (pl^) . Thus, by Q, 

y |T/pW/i < C (J + 11 + III) <C0 J \Tf\ p wdfi + C J fwd/i. 
We only have to choose 9 small enough, and we are done. □ 



To complete the proof of the implication (d) (c) of Lemma 3.2 we have 
to prove the following lemma. 



Lemma 9.2. With the notation and assumptions of Lemma 9A, (9^) holds. 
That is, w (^Jj>k B j^j ^ V w (^k)- 

Before proving the lemma, a remark: 

Remark 9.3. Besicovitch's Covering Theorem asserts that if A C M. d is 
bounded and there exists some family of cubes Q = {Q x }xeAi with each 
Q x centered at x, then there exists some finite or countable family of cubes 
{Qxi\i C Q which covers A with finite overlap. That is, \A < Yli XQ Xi < 
with C depending only on d. 



12 



XAVIER TOLSA 



We are going to show that the covering {Q Xi }« can be chosen so that the 
following property holds too: 

(9.15) IfzGAn Q Xi for some i, then l(Q z ) < 4£(Q Xi ). 

Indeed, for each x € A, let R x be some cube of the type Q y , y £ A, with 
x € \R X and such that 

99 

W>— sup £(Q y ). 

Now we will apply Besicovitch's Covering Theorem to the family of cubes 
{R x }xeA- Let us remark that the Theorem of Besicovitch also holds for the 
family {R x }xeA because, although the cubes R x are not centered at x, we 
still have x £ \R X (see [|Vlo(| or |pu| , p. 6- 7], for example). So there exists some 
finite or countable family {R Xi }i which covers A with finite overlap. Notice 
that {R Xi }i C Q, and if z e R Xi n A, then l(Q z ) < U(R Xi ). Otherwise, 
Xi € \Q Z and £(Q Z ) > 4-^(-R Xi ), which contradicts the definition of R Xi . 

It is worth comparing this version of Besicovitch Covering Theorem with 
the version of Wiener's Covering Lemma 7.4. Notice that the statement (3) 
of Lemma 7.4 and (|9.15|) look quite similar. 



Proof of Lemma 9^2. We use the same notation as in the proof of the 
preceding lemma. 

Let x G Bj and take Q\ containing x (recall Bj C f2j+2 C Oj), with Q\ € 
AT>h- By (9.4), we have N(f Xttj)(x) > £o« 5 for some eo > depending 

i 

on a, /3, m. It is easily seen that this implies that St(f Xtp)( x ) — e o ^ for 

i 

t > h—M, where M is some positive constant which depends on IQJ?) / £(Qj) . 
Also, S t (fXu})(x) < 5 a j for h - M < t < h + M. So, if we choose 5 < e 
and M > 10, then 

(9.16) sup S t f(x) > e Q a j 

t>h+V) 

We denote A^ := |Jj>fe Bj. For a fixed x G Ak, let r be the least integer 
such that r > k and x £ B r . There exists some cube Q\ containing x, with 
Ql € -Al'h for some /i. Since Sh+sif XU[)( X ) < 5a r , by Lemma 2.11 there 
exists some doubling cube P x £ -4.£>h+5,h+4 centered at x such that 

Now, by Besicovitch's Covering Theorem, we can find some family of cubes 
{P Xs } s (with x s S Ah) which covers A^ with finite overlap. Moreover, we 
assume that the covering has been chosen so that the the property ( |9.15 ) 
holds. 

Given p with < p < 1, we will show that if 5 is small enough, then 
(9.18) p{A k nP Xs )<pp{P Xs ) 
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for all s. 

Let P Xo some fixed cube from the family {P Xg } s , and let tq be the least 
integer such that xo G B ro . First we will see that 

(9-19) J\J B 3 nP IO ) <^{P X0 ). 

If z G Bj n P XQ for some j > vq and z G Q\, then by ( 9.16| ) we have 

(9.20) sup Sjf(z) > e a j , 

j>h+10 

where h is so that Q\ G AT>h- Let us denote by the Whitney cube of 
f2 ro containing xq, with G AT>h . Since Qj C f2 ro , we have £(Ql) < 
C22^(Qig), and so /i > /io — 1. In fact, if C22, which depends on tZ, is very 
big, then maybe we should write h > ho — q, where q is some positive integer 
big enough, depending on C22- The details of the required modifications in 
this case are left to the reader. From (|9.20|) , we get 

(9.21) sup Sjf(z) > e a j > e a r °. 

j>h +9 

For j > /io + 9 and z G P xo , we have supp(s j(z, •)) C 2P X0 , because P xo G 
AV ho+5tho+ 4. Thus ( |9.21| ) implies N(f X2P f n ){z) > e a r °, and then, from 
the weak (1, 1) boundedness of N, by (|9.17|) , and because P xo is doubling, 
we obtain 

/<[ U B i ni= < 6 P, : iV(/x2P„ )W > eo« ro } 

\j>ro 

(9.22) < -C—f fduL<Ce^5uL{P Xa ). 

So ( 9.19| ) holds if (5 is sufficiently small. 

Now we have to estimate \i (\Jk<j< ro -i Bj H P xo j ■ If £ G Bj n P Xo , then 

^(P*) < ^(P^), by (pl5|) . Recall also that P x . G ^,,+5,^+4. As a 
consequence, we deduce P z G .AD+oo^q+s. Moreover, we have P Xo C {T/ > 
a ro }, and so iV/(z) > C 23 a ro , with 623 > 0. Since by |D|) we have 

we obtain 

assuming j < tq — r±, where r\ is some positive integer which depends on 
C23 and C24. Recall also that the fact that z G Bj yields 

(9.23) S t {f Xu 3){z) < 5 a j for hx - 2 < t < hi + 10, 
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where h\ is given by Q\ G ^4Phi • If we choose 5 small enough, then (5 a 3 < 
C23 a r ° /2 and, for j < ro — r%, ( 9.23 ) implies 

(9.24) S t (f Xu j)(z) > ~y « ro for some t > fri + 10. 
On the other hand, if ro — T\ < j < ro, then by ( |9.16| ) we have 

(9.25) S t f(z) > e a r °~ n > C 25 a r ° for some t>h x + 10, 
with C 25 > 0. 

From the fact that P z G AV^+^^+i we deduce h\ > ho — 2, and so 
supp(s 4 (z, •)) C 2P XQ for i > hi + 10.' Thus, from fHip and ( |9T25| ) we get 



N(fX2 Pxo ){z) > min(C 23 /2, C 25 )a 

for any j with k < j < r$. If we take 5 small enough, operating as in ( p. 22 ), 
we obtain 



k<j<ro 

which together with ( 9.19)) i mplies ( |9.18 ). 

By ( |9~18l) and Lemma gj, using the condition for w, we get w{2Q k i \ 
A k ) > tw{Q^) for each Whitney cube Q\ G Q k . By the finite overlap of the 
cubes 2Q^, we obtain 

rw{n k ) <rY,HQi) <Y, w ( 2 Qi\ A k) <C 2 6w(n k \A k ). 

i i 

Therefore, 

w{A k ) < (l-C^T)w(n k ) =:7]w(n k ). 

□ 



10. The general case 

In this section we consider the case the case where not all the cubes 
Qx,k £ are transit cubes. 

If R d is an initial cube but there are no stopping cubes, then the arguments 
in Sections 4-9 with some minor modifications are still valid. 

If there exist stopping cubes, some problems arise because the functions 
SkXRd, are not bounded away from zero, in general. As a consequence, the 
property has to be modified. Indeed, notice that if we set A := W d and 



Q is some cube which contains stopping points, then (4T) may fail, and so 
the Zqq condition is useless in this case. 

The new formulation of the Z^ property is the following. For fc G Z, we 
denote ST k := {x G supp(^) : Q x ,k is a stopping cube}. Notice by the way 
that Sjf{x) = for j > k + 2 and x G ST k . 
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Definition 10.1. We say that w satisfies the property if there exists 
some constant r > such that for any cube Q G AT) k and any set Acl' i 
with QPiST k+3 C A, if 

(10.1) S k+3X A(x) > 1/4 for all x G Q \ ST k+3 , 

then w{AC\2Q) > tw(Q). 



With this new definition, Lemma 4.2 still holds. The new proof is a 



variation of the former one. On the other hand, Lemma [4^ has to be 
modified. Let us state the new version: 

Lemma 10.2. Suppose that w satisfies the Z^ property. Let Q G AT>h and 
A C M d be such that AnQnSTh+4 = ■ Let {Pi}i be a family of cubes with 
finite overlap such that An |Q C (Ji Pi> ™^ Pi AV +00 ^+4 and £(P%) > 
for all i. There exists some constant 5 > such that if (j,(A n Pi) < 5 /j-(Pi) 
for each i, then 

(10.2) w(2Q \A)> tw(Q), 

for some constant r > (depending on Z^). If, moreover, w(2Q) < 
Cyw(Q), then 

(10.3) w(Ar\2Q) < (1 - Cj 1 t)w{2Q). 

The proof is analogous to the proof of Lemma |4.3| , and it is left for the 
reader. 

The results stated in the other lemmas in Sections 4-9 remain true in the 
new situation. However, the use of the Z^ condition is basic in the proofs 



of Lemma 4^4, the implication (e) => (c) of Lemma 3.1 , Lemma |S,2| , Lemma 
9.1 , and Lemma |9.2| . Below we will describe the changes required in the 
arguments. In the rest of the lemmas and results, the proofs and arguments 
either are identical or require only some minor modifications (which are left 
for the reader again). 



- Changes in the proof of Lemma The proof is the same until (4.5), 
which still holds. Given Qi S AT>k, it is easily seen that if y S ST k +3 n Qi, 
then T*(fx3 Qi )(y) < C 27 Nf(y). By Q, if we choose 5 < e/2C 27 , then 
A x nQiPiST k+3 = 0. 

On the other hand, now the estimate ( |4.6[) is valid for y € Qi\ ST k+3 . 
Then we deduce Sk+sX2Qi\A x (y) > \ for y G Qi \ ST k+3 , and by the Z^, 
condition we get w(2Qi \ A\) > rw(Qi). Arguing as in (p7|), we obtain 
w(A x ) < p,w(n x ). 



- Changes in the proof of the implication (e) => (c) of Lemma The sets 
Q\, G\ and B\ are defined in the same way. The estimates for w(Qi n G\) 
are the same. 



As shown in ( 6.10 ), if z G B\ n Qi, with Qi G AT>h, then S k (fxUi){ z ) > 
C12A 7^ for some k > h + 6. This implies z £ STh+4- Now the arguments 
used to prove that w(B\) < r]iw(Q\) are still valid, because B\ n Qi n 
ST h+4 = 0. 



16 



XAVIER TOLSA 



Changes in the proof of Lemma 8. i 



The construction. The construction is basically the same. The only dif- 
ference is that now we must be careful because the cubes Q x (and Q x for 
k > 1) may fail to exist due to the existence of stopping points. In the first 
step of the construction (k = 1), we circumvent this problem as follows. If 
x G Rj\ST g i +18 , then we take a /x-cr-(100, /3)-doubling cube Q l x G AV g i +16 . 

If x G Rj PI 5T 9 i +18 , we write x G ASi. We consider a Besicovitch covering 
of Qo n Qo \ AS i with this type of cubes: Qo D \ -4.5 1 C Uieii ^i' an< ^ 
we set At := IJieii • We °P era t e m an analogous way at each step k of 
the construction. 

The estimate of Jq^ \N h a\ p w dfi. Here there are little changes too. Equation 
(S.3) is proved inductively in the same way. Let us see the required modifi- 



cations in the first step. The definition of Bq is different now: Bq := {x G 
Qo\STh+5 : Sh+3cr(x) < eXo}- With this new definition, holds. On the 
other hand, notice that J QonS T h 6 \N h+20 a\ p w dfi = 0, since N h+20 a(x) = 
if x G ST h+5 . 

The definition of Dq does not change, and all the other estimates remain 
valid. In particular, (|8.8| ) holds now too, because N H * +20 a(x) = if x G 
^45i (recall that the definition of A± has changed). 

The changes required at each step k are analogous. 

The estimate of^2 lk a{Aj { ). The former arguments remain valid in the new 
situation. 



Changes in the proof of Lemma 9.1 and Lemma 9.1. The proof of Lemma 



l| does not change. In the arguments for Lemma |9,2| , we have to take 
into account that if x G B^ and 5 is small enough, then x ST^+m-i- 
Indeed, if x G Qi, with Qt G AV h , then we have T(fxu k )( x ) > ^-a k+2 , 
and Sj{fx U k){x) < 5a k for h — M<j<h + M. These inequalities imply 
Sj(fxu k )( x ) > £ o ak 7^ for some j > M + 1 if 5 is small enough. In 
particular, x STh+M-i- 

If we assume M > 20, for instance, then all the cubes P x that appear in 



the proof of Lemma 9^2 exist and are transit cubes, and the same estimates 
hold. 



11. Examples and final remarks 

Example 11.1. If fi(B(x,r)) ~ r n for all x G supp(/x), then Nf{x) ~ 
Mf(x), where M is the usual Hardy-Littlewood operator (defined in ( |1.6| ) 
with A = 1). In this case, the class Z p of weights coincides with the class 
A p . 

Example 11.2. In I 2 , consider the square 

Qo = [0, l] 2 and the measure 
dfi = XQ dm, where dm stands for the planar Lebesgue measure, and take 
n = 1. That is, we are interested in studying the weights for 1-dimensional 
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CZO's such as the Cauchy transform. Notice that /i is a doubling measure 



which does not satisfy the assumption in Example 11.1. For this measure 



all the points x G supp(^x) are stopping points and we have the uniform 



estimate ) < C. Then, from Theorem 1.2, we deduce that the class 



Z p coincides with the class of L p weights for the fractional integral 
hf(x)= [ r ^-rf(y)d t i(y), 

j \y x \ 

since Nf(x) m Ii\f\(x). This is the result that should be expected because, 
with our choice of fi, I\ is a CZO, and for all other T G CZO^j), we have 
\Tf(x)\ <C x h\f\{x). 

Example 11.3. This is an example shown by Salesman in his paper about 



weights for the Hilbert transform Sak | . We are in M. and we take n = 1 



Let £k = 1/kl and consider the intervals 1^ = f| — -#> \ + %) f° r k > 1. 
Let fj, be the Lebesgue measure restricted to the set S := (JfcLi Ik- 
Let w be a weight such that w > 1 and w\i k is constant for each k > 1. In 
[ |5ak|| , it is proved that, for any p G (1, oo), the Hilbert transform is bounded 
on L p (w) if and only if w G L 1 (/i). Almost the same calculations show that 
the operators are uniformly bounded on L p (w) if and only if w € -L 1 ( ( u). 

So, if a weight w$ is defined by w?o|4 = in — 2)!, then wq € Z p for all 
p G (l,oo). However, it is easily seen that w 1+£ ^ 1 (A i ) for any e > 0. 
Therefore, wq does not satisfy a reverse Holder inequality. 



Remark 11.4. We will finish with some remarks and open questions: 



(a) Using Lemma 8.2 and modifying a little the proof of the implication 
(e) => (c) of Lemma 3.1 one can show that w € Z™ if and only if there 



exists some A > 1 such that f N (wxq) p cr d/j, < C w(XQ) for all cubes 
Q. We don't know if this holds with A = 1 too. 

(b) We don't know if Z p = Z™. 

(c) The weights in Z p do not satisfy a reverse Holder inequality. But we 
don't know if the following holds: 

w € Z p , a G Zpi => w G Z p ^ £ for some e > 0. 

(d) Results for the case p = 1 are missing. From the good A inequality of 



Lemma 4.4 it follows that if ./V is of weak type (1, 1) with respect to 
w d/i, then all CZO's are also of weak type (1, 1) with respect to w dfi. 
We don't know if the converse implication is true. 
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